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We introduce in a nonassociative setting the notions of spectral
radius of a bounded subset of a normed algebra, as well as that of
topologically nilpotent normed algebra. We generalize and reﬁne
most known results on topologically nilpotent associative algebras
to the nonassociative context, and prove some new results both
in the associative and nonassociative setting. Among them, we
emphasize the one asserting that an associative normed algebra A
is topologically nilpotent if and only if so is the normed Jordan
algebra obtained by symmetrizing the product of A, as well as
the one asserting that, if A is a topologically nilpotent complete
normed algebra, then its full multiplication algebra FM(A) is a
radical algebra (equivalently, A coincides with its weak radical).
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1. Introduction
In an early paper [21], G.-C. Rota and W.G. Strang prove the following.
Theorem 1.1. Let A be an associative normed algebra. Then, for each bounded and multiplicatively closed
subset S of A, there exists an equivalent algebra norm ||| · ||| on A such that |||s||| 1 for every s ∈ S.
Then, they deﬁne the (joint) “spectral radius” r(S) of any bounded subset S of an associative
normed algebra A by means of the equality
r(S) := limsup
n→∞
sup
{‖s1 . . . sn‖ 1n : s1, . . . , sn ∈ S}, (1.1)
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r(S) = inf{sup{|||s|||: s ∈ S}: ||| · ||| ∈ En(A)}, (1.2)
where En(A) denotes the set of all equivalent algebra norms on A.
The Rota–Strang paper remained forgotten for many years. Nevertheless, the idea of the spectral
radius of a bounded subset of an associative normed algebra underlines the deﬁnition of the so-
called “topologically nilpotent” associative normed algebras. Indeed, such algebras could have been
introduced as those associative normed algebras such that the spectral radius of their closed unit
balls is equal to zero. Following Palmer’s review in [15, 4.8.8], “These [algebras] were introduced by
J.K. Miziolek, T. Müldner and A. Rek [12] as a class of topological algebras. Recently their study was
revived by Peter G. Dixon [6] and continued by Dixon and Vladimir Müller [7], Dixon and George A.
Willis [8]”.
We refer to Palmer’s whole review of the papers just quoted [15, pages 515–517] for a compre-
hensive view of the theory of topologically nilpotent associative normed algebras, noticing however
that, in an excess of enthusiasm, an error creeps in the formulation of the encyclopedic Theorem 4.8.8
in [15], where a large list of characterizations of topologically nilpotent associative Banach algebras
is presented. Indeed, one of the implications in that theorem does not appear formulated (much less
proved) in any of the papers quoted above, and is actually false. We are grateful to V. Müller for
providing us with an appropriate counterexample, and allowing us to include it in the present paper
(see Remark 10.1).
The Dixon–Müller paper [7], already quoted, contains also interesting results about the spectral
radius of the closed unit ball of an associative normed algebra, some of which are collected in the
present paper (see Remarks 5.11 and 7.14).
To conclude our review of topologically nilpotent associative normed algebras, let us say that they
have shown useful to prove signiﬁcant positive answers to the question of splitting radical extensions
of certain Banach algebras (see [2] for details).
The Rota–Strang spectral radius is rediscovered in the papers of V.S. Shulman [25] and
Yu.V. Turovskii [31], where a special attention is payed to the spectral radius of ﬁnite subsets, and
to those associative normed algebras whose ﬁnite subsets have zero spectral radius. For more infor-
mation about the Rota–Strang spectral radius of ﬁnite subsets, the reader is referred to the papers of
A. Soltysiak [28] and P. Rosenthal and A. Soltysiak [20].
The last word concerning the Rota–Strang spectral radius in the associative setting is provided by
the impressive paper of V.S. Shulman and Yu.V. Turovskii [26], where a systematic study of this notion
is made, and the connection between the invariant subspace problem for operators semigroups, and
the joint spectral radius, is investigated. Concerning the interest of the present paper, one of the most
signiﬁcant results in [26] is the following.
Proposition 1.2. (See [26, Proposition 2.7].) Let A be an associative normed algebra, and let S be a bounded
subset of A such that r(S) < 1. Then the multiplicatively closed subset of A generated by S is bounded, and has
spectral radius equal to r(S).
The actual novelty of Proposition 1.2 relies on its second conclusion. Indeed, the ﬁrst one is almost
straightforward, and was already known since the Rota–Strang paper [21]. Other remarkable idea
in [26] is the introduction of a peculiar notion of spectral radius for bounded subsets of normed
Lie algebras [26, pages 436–437]. The work of Shulman and Turovskii on the joint spectral radius
increases in last years with relevant applications to the theory of topological radicals [32,27].
In [13] we discuss the validity of Theorem 1.1 in the nonassociative setting. After observing by
means of easy examples that Theorem 1.1 does not remain true in general if the associativity of the
algebra A is removed, we realize that, nevertheless, Theorem 1.1 is far from being characteristic of the
associativity. Consequently, we introduce the “norm-one boundedness property” (in short, NBP) for
a (possibly nonassociative) normed algebra A, meaning that A fulﬁls the conclusion in Theorem 1.1,
and prove that all nilpotent normed algebras satisfy the NBP, and that complete normed algebraic Lie
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radius of an element a of any normed algebra A, and prove that, if A satisﬁes the NBP, then the
equality (1.2) holds with a instead of S .
Now, let us comment about the content of the present paper. Our general goal is the nonassociative
discussion of the notions of spectral radius of a bounded subset of a normed algebra, as well as that
of topologically nilpotent normed algebra.
Section 2 is an aperitif where we show that nilpotency of a (possibly nonassociative) normed
algebra A can be determined in terms of the equivalent algebra norms on A. Indeed, we prove that A
is nilpotent if and only if there exists a natural number n in such a way that, for each ε ∈ ]0,1], we
can ﬁnd an equivalent algebra norm ||| · ||| on A such that εn‖ · ‖ ||| · ||| ε‖ · ‖.
In Section 3, we introduce the appropriate formal changes in the equality (1.1) in order to be
provided with an understandable notion of spectral radius r(S) of a bounded subset S of any normed
algebra A (Deﬁnition 3.1). Then we prove that Proposition 1.2 remains true when the associativity of
the normed algebra A is altogether removed (Lemma 3.3), and that, again without any assumption of
associativity on the normed algebra A, the equality (1.2) holds whenever the bounded subset S has
nonempty interior in A, or is contained in the nucleus of A (Proposition 3.4). Section 3 contains also
some results, concerning the spectral radius of the closed unit ball of the projective tensor product of
two normed algebras, which will be useful later.
Section 4 contains one of the key ideas in the paper. Indeed, for a (possibly nonassociative) normed
algebra A, the failure or success of A in relation to the conclusion of Theorem 1.1 can be quantiﬁed
by means of a nonnegative extended real number β(A) (Deﬁnition 4.1). The situation β(A) = +∞
means that A becomes a complete disaster concerning the conclusion of Theorem 1.1, whereas the
inequality β(A)  1 can be interpreted as that Theorem 1.1 remains “approximately” true for A. Ac-
tually, the mere requirement β(A) < +∞ (called the “multiplicative boundedness property” for A) is
enough to develop most part of the theory of the joint spectral radius in parallelism with the case
that A was associative. We prove that β(A) lies in {0} ∪ [1,+∞] for every normed algebra A, and
that, for each λ ∈ {0} ∪ [1,+∞], there is a suitable normed algebra A such that β(A) = λ (Theo-
rem 4.7). We also show that the equality (1.2) is true for every bounded subset S of a given normed
algebra A if and only if β(A)  1 (Corollary 4.10). Section 4 contains many other results, involving
the multiplicative boundedness property, whose actual usefulness will be enjoyed later. To conclude
our review of Section 4, let us thank the referee for communicating us an example of a (necessarily
nonassociative) normed algebra A satisfying β(A)  1, but failing to the conclusion of Theorem 1.1
(see Example 4.3).
Section 5 is the core of the paper. It is devoted to a preliminary study of topologically nilpo-
tent (possibly nonassociative) normed algebras. These are deﬁned verbatim as in the associative case.
Among the results obtained, we emphasize here the following ones:
(1) A normed algebra A is topologically nilpotent if and only if there are “arbitrarily small” equivalent
algebra norms on A, if and only if β(A) = 0 (Theorem 5.4).
(2) An associative normed algebra A is topologically nilpotent if and only if so is the normed Jordan
algebra obtained by symmetrization of its product (Theorem 5.8).
(3) A normed algebra A is topologically nilpotent if and only if so is the normed algebra C0(L, A) for
some (equivalently, every) Hausdorff locally compact topological space L (Corollary 5.14).
(4) Every non-topologically-nilpotent normed algebra can be equivalently algebra-renormed in such
a way that the spectral radius of the corresponding closed unit ball is arbitrarily close to 1 (The-
orem 5.10).
We note that the particularization of (4) to the associative case is known [7, Theorem 5].
In Section 6, we involve in our development the notion of a ﬁnitely quasi-nilpotent normed algebra
(meaning that all ﬁnite subsets of the algebra have zero spectral radius). We prove that, if a normed
algebra is ﬁnitely quasi-nilpotent and has the multiplicative boundedness property, then its multipli-
cation algebra is ﬁnitely quasi-nilpotent (Corollary 6.3). Moreover, the converse assertion is true in the
associative case (Corollary 6.5). This allows us to put in relation two outstanding problems in the the-
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result, we prove that, in the ﬁnite-dimensional case, topological nilpotency, ﬁnite quasi-nilpotency,
and nilpotency are equivalent notions (Corollary 6.12).
In Section 7, we involve in our development the requirement of completeness on normed algebras
we are dealing with. As a ﬁrst remarkable result, we prove that every topologically nilpotent complete
normed algebra coincides with its weak radical (see Corollary 7.7 and Remark 7.8(a)). We note that
the weak radical of a (possibly non-normed) algebra is introduced in [17], where it is proved as
main result that, if an algebra has zero weak radical, then it has at most one complete algebra norm
topology. It is worth mentioning that the weak radical is “very small” (see [17, Proposition 2.3]), so
that topologically nilpotent complete normed algebras are equal to their “radicals” for most familiar
radicals. As a second relevant result in Section 7, we emphasize the one asserting that, if S is a
bounded, closed, and absolutely convex subset of a complete normed complex algebra A, then there
exists a sequence {sn} in S such that
limsup
n→∞
∥∥ fn(s1, . . . , sn)∥∥ 1n = r(S),
where, for each n, fn is a suitable “way of multiplying” s1, . . . , sn in the given order (Theorem 7.12).
Our proof is strongly inspired by that of [7, Theorem 3], where the same in shown under the addi-
tional assumptions that A is associative, and that S equals the closed unit ball of A.
Section 8 is devoted to study, in the particular setting of Lie normed algebras, the notions pre-
viously introduced. As main result in the section, we prove that, for complete normed algebraic Lie
algebras, nilpotency, topological nilpotency, ﬁnite quasi-nilpotency, and the multiplicative bounded-
ness property are equivalent conditions (see Theorems 8.5 and 8.10). The section concludes with a
discussion about the relationship between the spectral radius and the “Lie spectral radius” (in the
sense of [26]) of bounded subsets of normed Lie algebras.
In Section 9, we apply results previously obtained about the projective tensor products of normed
algebras to realize that most notions introduced in the paper can be enjoyed in a nontrivial way
into a class of algebras “almost arbitrarily” preﬁxed. As a ﬁrst sample, we can ﬁnd non-nilpotent
topologically nilpotent complete normed algebras, as well as non-topologically-nilpotent ﬁnitely quasi-
nilpotent complete normed algebras, in the class of nonassociative alternative algebras, and in the
class of Lie algebras (Corollary 9.5). In the same line, we prove the existence of ﬁnitely quasi-
nilpotent complete normed Lie algebras failing to enjoy the multiplicative boundedness property
(Corollary 9.9).
The concluding section (Section 10) is a collection of remarks and complements related to the
fundamental matter of the paper. To highlight one of them, let us mention that, if a non-nilpotent
complete normed Lie algebra A satisﬁes the multiplicative boundedness property, then there exists
a ∈ A such that the operator ada has inﬁnite descent (Remark 10.9). This becomes a reﬁnement of
Theorem 8.5 already reviewed.
2. An analytic characterization of nilpotent algebras
In this paper, we are dealing with (possibly nonassociative) algebras over the ﬁeld K of real or
complex numbers. By an algebra norm on an algebra A we mean a norm ‖ · ‖ on (the vector space
of) A satisfying ‖ab‖  ‖a‖‖b‖ for all a,b ∈ A. By a normed algebra we mean an algebra endowed
with an algebra norm. Given a normed space X , we denote by BX the closed unit ball of X , and, for
a bounded subset S of X , we put
M(S) = M(S,‖ · ‖) := sup{‖s‖: s ∈ S}.
Let A be an algebra, and let S be a subset of A. We denote by MC(S) the multiplicatively closed
subset of A generated by S . The following lemma is known (see [13, Lemma 2.2] and its proof). For
the sake of completeness, we include here a proof.
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that MC[(δBA) ∪ S] is bounded (by M > 0, say). Then there exists an algebra norm ||| · ||| on A satisfying
1
M
‖ · ‖ ||| · ||| 1
δ
‖ · ‖ (2.1)
and M(S, ||| · |||) 1.
Proof. Since the absolutely convex hull of MC[(δB A) ∪ S] (say U ) is multiplicatively closed, bounded
by M , and absorbent (because in fact it contains δB A ), we can argue as in [3, Proposition 1.9] to
obtain that the Minkowski functional of U (say ||| · |||) is an algebra norm on A satisfying (2.1) and
M(S, ||| · |||) 1. 
Let A be an algebra, and let S be a subset of A. We say that S is nilpotent if there exists a natural
number n 2 such that, for every m n, any product of m elements of S , no matter how associated,
is zero. If S is nilpotent, then the smallest such an n is called the index of nilpotency of S . It is easy
to realize that, if the subset S is multiplicatively closed (for example, if S = A), and if any product of
n elements of S , no matter how associated, is zero, then, for every m n, any product of m elements
of S , no matter how associated, is also zero.
Theorem 2.2. Let A be a normed algebra, and let n be a natural number. Then the following assertions are
equivalent:
(1) A is nilpotent of index  n + 1.
(2) For every ε ∈ ]0,1], there exists an algebra norm ||| · ||| on A such that εn‖ · ‖ ||| · ||| ε‖ · ‖.
Proof. (1) ⇒ (2). Let ε be in ]0,1]. By the assumption (1), MC( 1ε BA) is bounded by ( 1ε )n . By applying
Lemma 2.1, with S := 1ε BA and δ := 1ε , we ﬁnd the desired algebra norm ||| · ||| on A such that εn‖ · ‖||| · ||| ε‖ · ‖.
(2) ⇒ (1). Let ε be in ]0,1]. By the assumption (2), there exists an algebra norm ||| · ||| on A such
that εn‖ · ‖ ||| · ||| ε‖ ·‖. Now, let a be a product of n+1 elements of A (say a1, . . . ,an+1), no matter
how associated. We have that
εn‖a‖ |||a||| |||a1||| · · · |||an+1||| εn+1‖a1‖ · · · ‖an+1‖,
and hence that ‖a‖ ε‖a1‖ · · · ‖an+1‖. By letting ε → 0, we get a = 0. 
For later reference, we prove here the following consequence of Lemma 2.1.
Lemma 2.3. Let A be a normed algebra, and let S be a bounded and multiplicatively closed subset of A with
nonempty interior. Then there exists an equivalent algebra norm ||| · ||| on A such that M(S, ||| · |||) 1.
Proof. The assumptions on S imply that the absolutely convex hull of S is bounded and multiplica-
tively closed, and contains 0 as an interior point. Now apply Lemma 2.1. 
Easy examples show that, in the above lemma, the assumption that S has nonempty interior can-
not be altogether removed. Indeed, according to [13, Example 2.1], given λ ∈ R with λ > 1, there
exists a two-dimensional commutative normed algebra A with an idempotent p satisfying ‖p‖ = λ
and |||p||| λ for every algebra norm ||| · ||| on A. Of course, in this example the set S := {p} is bounded
and multiplicatively closed.
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When we are working with a bounded subset S of a nonassociative normed algebra, the deﬁnition
of r(S) in the equality (1.1) needs some formal changes. To be precise, we consider the following.
Deﬁnition 3.1. Let A be an algebra over K, and let S be a subset of A. The words on S are deﬁned
inductively, according to their “degree”. Indeed, the words on S of degree 1 are precisely the elements
of S , whereas, for 1 < n ∈ N, the words on S of degree n are those elements of A which can be
written as xy where x and y are words on S of degree i ∈ N and j ∈ N, respectively, with i + j = n.
Now assume that A is normed, and that S is bounded. For n in N, let Mn(S) (= Mn(S,‖ · ‖) when the
norm must be emphasized) stand for the least upper bound of the values of the norm at all words
on S of degree n. Note that Mn(S) [M(S)]n , and deﬁne the spectral radius, r(S), of S by
r(S) := limsup
n→∞
[
Mn(S)
] 1
n  M(S).
It is easily realized that equivalent algebra norms on A give the same spectral radius for S , and
hence that
r(S) inf
{
M
(
S, ||| · |||): ||| · ||| ∈ En(A)}, (3.1)
where En(A) denotes the set of all equivalent algebra norms on A. The obvious properties r(T ) 
r(S) whenever T is a subset of S , and r(λS) = |λ|r(S) whenever λ belongs to K, will be applied in
what follows without notice. If the normed algebra A is associative, then, as pointed out in [21] (see
also [7, Proposition 2] for the particular case that S = B A ), we have Mn+m(S)  Mn(S)Mm(S) for all
n,m ∈N, and consequently, we are provided with the following.
Lemma 3.2. Let A be a normed associative algebra, and let S be a bounded subset of A. Then
r(S) = lim
n→∞
[
Mn(S)
] 1
n = inf{[Mn(S)] 1n : n ∈N}.
The following lemma is known in the associative setting [26, Proposition 2.7]. Our proof has had
to be different from that of [26] because this last proof relies on the equality (1.2), and this equality
need not be true in the nonassociative setting (see Deﬁnition 4.1, Theorem 4.7, and Corollary 4.10
below).
Lemma 3.3. Let A be a normed algebra, and let S be a bounded subset of A such that r(S) < 1. ThenMC(S) is
bounded, and r(MC(S)) = r(S).
Proof. The assumption that r(S) < 1 implies that Mn(S) < 1 for n big enough, and hence that the set
of all words on S (which is nothing other than MC(S)) is bounded. Let 0 < ε  1 − r(S). Then there
exists nε ∈ N such that Mn(S) (r(S) + ε)n whenever n  nε . Let n be in N with n  nε , and let w
be a word on MC(S) of degree n. Then w is a word on S of degree m  n  nε . Therefore, we have
‖w‖ (r(S) + ε)m  (r(S) + ε)n , the last inequality being true because m n and r(S) + ε  1. Since
w is an arbitrary word on MC(S) of degree n, the above implies
Mn
(
MC(S)
)

(
r(S) + ε)n.
Now, from the arbitrarity of n under the condition n nε we deduce r(MC(S)) r(S) + ε. Finally, let
ε → 0. 
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any normed algebra is  1, and invoking the ﬁrst conclusion in Lemma 3.3, we easily realize that, for
every bounded subset S of a normed algebra, we have
r(S) = inf
{
k ∈R+: MC
(
S
k
)
is bounded
}
, (3.2)
a fact known in the associative case [26, Corollary 2.5] with a proof different from the one just
suggested. Moreover, by invoking the whole Lemma 3.3, we get the equality
r
(
MC(S)
)= r(S), (3.3)
whenever S is any subset of a normed algebra such that MC(S) is bounded.
Let A be an algebra. For a,b, c ∈ A, we put
[a,b, c] := (ab)c − a(bc).
The nucleus of A is deﬁned as the set of those elements a ∈ A such that [a, A, A] = [A,a, A] =
[A, A,a] = 0. We recall that the nucleus of A is a subalgebra of A [23, page 13].
Proposition 3.4. Let A be a normed algebra, and let S be a bounded subset of A. If S has nonempty interior
in A, or is contained in the nucleus of A, then we have that
r(S) = inf{M(S, ||| · |||): ||| · ||| ∈ En(A)}.
Proof. Assume that S has nonempty interior in A (respectively, is contained in the nucleus of A).
Let ε > 0. Since r( 1r(S)+ε S) < 1, Lemma 3.3 applies, giving us that MC(
1
r(S)+ε S) is bounded. On the
other hand, since S has nonempty interior (respectively, is contained in the nucleus of A), the same
happens for MC( 1r(S)+ε S). It follows from Lemma 2.3 (respectively, from [13, Theorem 2.3]) that there
exists an equivalent algebra norm ||| · ||| on A such that M(S, ||| · |||) r(S) + ε. 
Applying Proposition 3.4 with S := BA , we derive the following.
Corollary 3.5. Let A be a normed algebra, and let ε > 0. Then there exists an equivalent algebra norm ||| · |||
on A such that ||| · ||| (r(BA) + ε)‖ · ‖.
For the proof of the next results, and even for the formulation of some results below, like The-
orem 7.12 and Corollaries 7.15 and 7.16, we need some formalizations concerning the “ways of
multiplying” n elements of a nonassociative algebra in a given order. To illustrate the situation, con-
sider the case n = 3, and, consequently, take elements a1,a2,a3 in an algebra A. If A is associative,
then a1a2a3 stands unambiguously for their product in the given order. However, if we do not know
that the algebra A is associative, then, in principle, we have two different ways of multiplying them
in the given order, namely a1(a2a3) and (a1a2)a3. These ways of multiplying do not depend on the al-
gebra A, nor on the elements a1,a2,a3, and therefore become the members of an abstract set, which
is denoted by W3, and is rigorously deﬁned as a consequence of the following.
Notation 3.6. Let n be in N. We denote by Fn the free nonassociative algebra on n indeterminates
(say x1, . . . ,xn) over K (see [35, Section 1.1]). As usual, given any algebra A over K, a1, . . . ,an ∈ A,
and f ∈Fn , we denote by f (a1, . . . ,an) the “valuation of f at (a1, . . . ,an)”, i.e., the image of f under
the unique algebra homomorphism Φ : Fn → A satisfying Φ(xi) = ai for i = 1, . . . ,n. Now, let Wn
denote the subset of Fn consisting of those nonassociative monomials f = f (x1, . . . ,xn) such that
f (y1, . . . ,yn) = y1 . . .yn , where y1, . . . ,yn stand for the generators of the free associative algebra on n
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an arbitrary algebra, Wn becomes the set of all “ways of multiplying” n elements a1, . . . ,an of the
algebra in the given order. We note that Wn does not contain all monic monomials in Fn which
are of degree 1 in each of the indeterminates. For example, x2x1 does not lie in W2. Anyway, if A
is any algebra over K, and if S is a subset of A, then every word on S of degree n can be written
as f (s1, . . . , sn) for suitable f ∈Wn and s1, . . . , sn ∈ S . This will be applied without notice in what
follows.
Given any subset S of a normed space X , we denote by |co|(S) the closed absolutely convex hull
of S in X .
Lemma 3.7. Let A be a normed algebra, and let S be a bounded subset of A. Then we have Mn(S) =
Mn(|co|(S)) for every n ∈N, and hence r(S) = r(|co|(S)).
Proof. Let n be in N, and let f be in Wn . Then, for all s1, . . . , sn ∈ S , we have ‖ f (s1, . . . , sn)‖ Mn(S)
because f (s1, . . . , sn) is a word of degree n on S . Since the mapping (a1, . . . ,an) → f (a1, . . . ,an)
from A× n· · · ×A to A is n-linear and continuous, we derive that f (|co|(S), n. . . , |co|(S)) is bounded
by Mn(S). Since f is an arbitrary element of Wn , this means that the set of all words on |co|(S) of
degree n is bounded by Mn(S) or, equivalently, that Mn(|co|(S)) Mn(S). 
As in the associative case (see for example [3, Proposition 42.18]), given normed algebras E and F ,
the algebra E ⊗ F becomes a normed algebra under the projective tensor norm ‖ · ‖π . Such a normed
algebra will be denoted by E ⊗π F .
Proposition 3.8. Let E and F be normed algebras. Then we have
r(BE⊗π F ) r(BE)r(BF ).
Moreover, if E is associative, then we have in fact
r(BE⊗π F ) = r(BE)r(BF ).
Proof. To prove the ﬁrst conclusion, it is enough to show that, for every n ∈N, the inequality
Mn(BE⊗π F ) Mn(BE)Mn(BF )
holds. Let n be in N, and let f be in Wn . Then, for all x1, . . . , xn ∈ BE and y1, . . . , yn ∈ BF , we have
f (x1 ⊗ y1, . . . , xn ⊗ yn) = f (x1, . . . , xn) ⊗ f (y1, . . . , yn),
which implies
‖ f (x1 ⊗ y1, . . . , xn ⊗ yn)‖π  Mn(BE)Mn(BF )
because f (x1, . . . , xn) and f (y1, . . . , yn) are words of degree n on BE and BF , respectively. It follows
that f (BE ⊗ BF , n. . . , BE ⊗ BF ) is bounded by Mn(BE )Mn(BF ) in E⊗π F . Since f is an arbitrary element
of Wn , this means that the set of all words on BE ⊗ BF of degree n is bounded by Mn(BE )Mn(BF ) in
E ⊗π F or, equivalently, that
Mn
(
BE ⊗ BF ,‖ · ‖π
)
 Mn(BE)Mn(BF ). (3.4)
Since BE⊗π F is the closed convex hull of BE ⊗ BF in E ⊗π F , Lemma 3.7 applies to get that
Mn(BE⊗π F ) Mn(BE )Mn(BF ), as desired.
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let 0 < ε < min{Mn(BE ),Mn(BF )}. Then there are x1, . . . , xn ∈ BE , y1, . . . , yn ∈ BF , and f ∈Wn such
that ‖x1 . . . xn‖ Mn(BE ) − ε and ‖ f (y1, . . . , yn)‖ Mn(BF ) − ε. Since
f (x1 ⊗ y1, . . . , xn ⊗ yn) = (x1 . . . xn) ⊗ f (y1, . . . , yn),
we obtain
Mn(BE⊗π F )
∥∥ f (x1 ⊗ y1, . . . , xn ⊗ yn)∥∥π
= ‖x1 . . . xn‖
∥∥ f (y1, . . . , yn)∥∥ (Mn(BE) − ε)(Mn(BF ) − ε).
By letting ε → 0, we derive Mn(BE⊗π F ) Mn(BE )Mn(BF ). Now note that the inequality just proved
is in fact true for every n ∈ N because it is trivially true if min{Mn(BE ),Mn(BF )} = 0. By keeping in
mind that E is associative, and applying consequently Lemma 3.2, it follows
Mn(BE⊗π F ) r(BE)nMn(BF )
for every n ∈ N, which implies (by passing to n-th rots and taking sup-limit as n → ∞) r(BE⊗π F )
r(BE )r(BF ). 
For general normed algebras E and F , the equality
r(BE⊗π F ) = r(BE)r(BF )
need not be true. Indeed, we have the following.
Example 3.9. There are two-dimensional normed algebras E and F satisfying r(BE ) = r(BF ) = 1, and
such that E ⊗ F is nilpotent (which implies r(BE⊗π F ) = 0). Indeed, take a vector space with basis{u, v}, convert it into an algebra with multiplication table
u v
u v v
v 0 0
(3.5)
and deﬁne a norm on it by ‖αu + βv‖ := |α| + |β|. It is easily realized that ‖ · ‖ becomes an algebra
norm, giving rise in this way to a two-dimensional normed algebra E such that (EE)E = 0. On the
other hand, we have un = v for n 2 (where, for any element a of an algebra, an is deﬁned inductively
by a1 := a and an+1 := aan), which implies r(BE ) = 1 because ‖u‖ = ‖v‖ = 1. Now, let F stand for the
opposite algebra of E (i.e., the vector space of E with the new product (x1, x2) → x2x1), which satisﬁes
F (F F ) = 0, and becomes a normed algebra under the norm of E . The equalities r(BF ) = r(BE ) = 1 are
now clear. Finally, the facts (EE)E = 0 and F (F F ) = 0 imply that E ⊗ F is nilpotent of index 3.
Despite the above counterexample, we have the following.
Proposition 3.10. Let E be a normed algebra, and let F be a subalgebra of E. Then we have r(BE⊗π F ) 
r(BF )2 . As a consequence, the equality
r(BE⊗π F ) = r(BE)r(BF )
holds if r(BF ) = r(BE ) (in particular, if r(BF ) = 1 or F = E).
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Mn(BF ) > 0. Let n be such a natural number, and let 0 < ε < Mn(BF ). Then there are y1, . . . , yn ∈ BF ,
and a monomial f in Wn such that ‖ f (y1, . . . , yn)‖ Mn(BF ) − ε. Since
f (y1 ⊗ y1, . . . , yn ⊗ yn) = f (y1, . . . , yn) ⊗ f (y1, . . . , yn),
we obtain
Mn(BE⊗π F )
∥∥ f (y1 ⊗ y1, . . . , yn ⊗ yn)∥∥
= ∥∥ f (y1, . . . , yn)∥∥2  (Mn(BF ) − ε)2.
By letting ε → 0, we derive Mn(BE⊗π F ) Mn(BF )2, as desired. 
The following proposition is known in the associative case [26, Proposition 2.2], and its general-
ization to the nonassociative case has no special merit.
Proposition 3.11. Let A be a normed algebra, and let S be a bounded subset of A. Then there exists a countable
subset T of S such that r(T ) = r(S).
Proof. Let n be in N. Then there exist s1,n, s2,n, . . . , sn,n ∈ S and fn ∈Wn such that
∥∥ fn(s1,n, s2,n, . . . , sn,n)∥∥ ( n
n + 1
)n
Mn(S). (3.6)
Now, put T := ⋃m∈N{s1,m, s2,m, . . . , sm,m}. Then T is a countable subset of S . Moreover, it follows
from (3.6) that Mn(T )  ( nn+1 )nMn(S). By passing to n-th roots, and taking sup-limit as n → ∞, we
get r(T ) r(S). 
4. The multiplicative boundedness property
As we said in the Introduction, the main goal in [13] is to discuss the validity of Theorem 3.2 in
the nonassociative setting. For a more precise nonassociative discussion of that theorem, we introduce
here the following.
Deﬁnition 4.1. Let A be a normed algebra. Given a positive number k, we say that A satisﬁes the
norm-k boundedness property if, for each bounded and multiplicatively closed subset S of A, there
exists an equivalent algebra norm ||| · ||| on A such that M(S, ||| · |||)  k. We say that A satisﬁes the
multiplicative boundedness property if it satisﬁes the norm-k boundedness property for some k > 0.
When A satisﬁes the multiplicative boundedness property, we put
β(A) := inf{k ∈R+: A satisﬁes the norm-k boundedness property}.
Otherwise, we put β(A) := +∞. The norm-1 boundedness property (in short, NBP) becomes specially
relevant because, in view of Theorem 1.1, it is satisﬁed by all associative normed algebras. Let us say
that a normed algebra A satisﬁes the approximate norm-1 boundedness property (in short, ANBP)
if β(A) 1. Obviously, the NBP implies the ANBP.
In the ﬁrst submitted version of this paper, we raised the following.
Problem 4.2. Is there a (necessarily nonassociative) normed algebra A failing to enjoy the NBP but
fulﬁlling the ANBP?
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Indeed, we have the following.
Example 4.3. Let A be the free vector space over K on a countably inﬁnite set of generators, say
{p} ∪ {an: n ∈N}. Thus every element x ∈ A can be written in a unique way as
x = βp +
∑
n∈N
αnan, (4.1)
where β ∈K and {αn}n∈N is a quasi-null sequence in K. Deﬁne the norm on A by
‖x‖ := sup{2|β|, sup{n|αn|: n ∈N}}
and the multiplication by anam = 0 = pan for all n,m ∈ N, p2 = p, and anp = an+1 for every n ∈ N. It
is a matter of routine to verify that A is a normed algebra.
Let us now show that A does not satisfy the NBP. Indeed, clearly the singleton {p} is a bounded
and multiplicatively closed subset of A. Suppose to derive a contradiction that there exists an equiv-
alent algebra norm ||| · ||| on A such that |||p||| 1. Then, for every n ∈N we have
|||an+1||| = |||anp||| |||an||||||p||| |||an|||,
so by induction |||an||| |||a1|||. However, since ‖an‖ = n for every n ∈ N, the norms ‖ · ‖ and ||| · ||| are
not equivalent, the desired contradiction.
Finally, let us show that A satisﬁes the ANBP. Indeed, let ε > 0 and let S be a bounded and
multiplicatively closed subset of A. Let K  1, K  sup{‖s‖: s ∈ S}. Keeping in mind (4.1), we deﬁne
a new norm on A by
|||x||| := sup{(1+ ε)|β|, sup{cn|αn|: n ∈N}},
where cn := inf{ i(1+ε)n−iK : 1  i  n}. Noticing that cn+1  (1 + ε)cn , we easily realize that ||| · ||| is
an algebra norm on A. Moreover, since cn  nK , we see that the topology of ||| · ||| is weaker than
that of ‖ · ‖. On the other hand, computing the intervals of decreasing and increasing of the function
t → t(1+ ε)n−t from R+ to R, we get that cn = min{ (1+ε)n−1K , nK } for every n ∈N, which implies
inf
{
cn
n
: n ∈N
}
= min
{
(1+ ε)n−1
nK
: n ∈N
}
> 0,
so the topology of ‖ · ‖ is weaker than that of ||| · |||. It follows that ‖ · ‖ and ||| · ||| are equivalent norms
on A. To conclude that A satisﬁes the ANBP, let x be in S , and write x as in (4.1). Then we have that
|αn| Kn for every n ∈ N (by the deﬁnition of K ), and |β| 1 (since otherwise, for n ∈ N we would
have (Lx)n(x) ∈ S , and hence K  ‖(Lx)n(x)‖  2|β|n+1 → ∞, a contradiction). Keeping in mind the
above inequalities and that cn  nK for every n ∈N, it is easy to check that |||x||| 1+ ε.
Remark 4.4. Let Â stand for the completion of the normed algebra A in the above example. Since A
does not satisfy the NBP, and the NBP is inherited by subalgebras, it turns out clear that Â cannot
satisfy the NBP. It is not so clear but true that Â satisﬁes the ANBP. To realize this, note that A is
linearly isometric in a natural way to the space c00 of all quasi-null sequences in K endowed with
the sup-norm, and that, consequently Â is linearly isometric to c0 in a natural way. Therefore every
element x ∈ Â can be written in a unique way as
x = βp +
∞∑
αnan, (4.2)
n=1
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changes to the argument in the last paragraph of Example 4.3 show that Â satisﬁes indeed the ANBP.
Let A be an algebra over K, and let λ be in K. The λ-mutation of A, denoted by A(λ) , is deﬁned
as the algebra whose vector space is that of A, and whose product (say ) is deﬁned by ab :=
λab+ (1−λ)ba. If A is a normed algebra, then the algebra A(λ) will be considered without notice as a normed
algebra under the norm σλ‖ · ‖, where σλ := |λ| + |1− λ|.
Lemma 4.5. Let A be a normed algebra over K, and let λ be in K \ { 12 }. Then we have
|2λ − 1|
(|λ| + |1− λ|)2 β(A) β
(
A(λ)
)
 (|λ| + |1− λ|)
2
|2λ − 1| β(A).
Proof. To prove the second inequality, it is enough to show that, if A satisﬁes the norm-k bound-
edness property for some k > 0, then A(λ) satisﬁes the norm-( (|λ|+|1−λ|)
2
|2λ−1| k) boundedness property.
Let k > 0 be such that A satisﬁes the norm-k boundedness property, and let S be a bounded and
multiplicatively closed subset of A(λ) . Then the absolutely convex hull of S (say T ) is bounded and
multiplicatively closed in A(λ) . Since A = [A(λ)](μ) with μ := λ2λ−1 ∈K \ { 12 }, it follows
xy = μxy + (1− μ)yx ∈ σμT
whenever x and y are in T . In this way, 1σμ T becomes a bounded and multiplicatively closed subset
of A. By the assumption on k, there exists ||| · ||| ∈ En(A) such that M(S, ||| · |||)  M(T , ||| · |||)  σμk.
This implies that σλ||| · ||| ∈ En(A(λ)) and M(S, σλ||| · |||) σλσμk. Since S is an arbitrary bounded and
multiplicatively closed subset of A(λ) , and σλσμ = (|λ|+|1−λ|)2|2λ−1| , the above shows that A(λ) satisﬁes the
norm-( (|λ|+|1−λ|)
2
|2λ−1| k) boundedness property, as desired.
Writing the inequality just shown with (A(λ),μ) instead of (A, λ), where μ := λ2λ−1 as above, we
get the ﬁrst inequality in the statement. 
Proposition 4.6. Let A be a normed algebra over K satisfying the multiplicative boundedness property. Then
A(λ) fulﬁls the multiplicative boundedness property for every λ in K \ { 12 }, and the mapping λ → β(A(λ)),
from K \ { 12 } to R, is continuous.
Proof. The ﬁrst conclusion follows straightforwardly from Lemma 4.5. Let λ and μ be in K \ { 12 }. Put
η := μ+λ−12λ−1 . Then we have A(μ) = [A(λ)](η) . Therefore, noticing that η 
= 12 , we can apply Lemma 4.5,
with (A(λ), η) instead of (A, λ), to get
|2λ − 1||2μ − 1|
(|μ + λ − 1| + |λ − μ|)2 β
(
A(λ)
)
 β
(
A(μ)
)
 (|μ + λ − 1| + |λ − μ|)
2
|2λ − 1||2μ − 1| β
(
A(λ)
)
.
By ﬁxing λ, the above implies limμ→λ β(A(μ)) = β(A(λ)). 
Flexible algebras are deﬁned as those algebras satisfying the “ﬂexibility” condition (ab)a = a(ba).
Following [23, page 141], we deﬁne noncommutative Jordan algebras as those ﬂexible algebras sat-
isfying the “Jordan identity” (ab)a2 = a(ba2), and recall that those noncommutative Jordan algebras
which are commutative are simply called Jordan algebras. The class of noncommutative Jordan al-
gebras contains that of anti-commutative algebras, and is contained in that of power-associative
algebras. We recall that an algebra A is said to be power-associative if, for every a ∈ A, the sub-
algebra of A generated by a is associative. We recall also that the class of noncommutative Jordan
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algebras.
Theorem 4.7. For every normed algebra A, we have
β(A) ∈ {0} ∪ [1,+∞].
Moreover, for every λ ∈ {0} ∪ [1,+∞], there exists a normed two-dimensional noncommutative Jordan alge-
bra A such that β(A) = λ.
Proof. Let A be a normed algebra such that β(A) < 1. Take k < 1 such that A satisﬁes the norm-k
boundedness property. Then, since B A is a bounded and multiplicatively closed subset of A, there
exists ‖ · ‖1 ∈ En(A) satisfying ‖ · ‖1  k‖ · ‖. Assume inductively that for some n ∈ N there exists
‖ · ‖n ∈ En(A) satisfying ‖ · ‖n  kn‖ · ‖. Then, since B(A,‖·‖n) is a bounded and multiplicatively closed
subset of A, there exists ‖ · ‖n+1 ∈ En(A) satisfying ‖ · ‖n+1  k‖ · ‖n  kn+1‖ · ‖. Now, let ε > 0.
Then, given any bounded subset S of A, it is enough to choose a bound M > 0 for S , and n ∈ N
with kn  εM , to have ‖ · ‖n ∈ En(A) and M(S,‖ · ‖n)  ε. As a consequence, A satisﬁes the norm-ε
boundedness property. Since ε is an arbitrary positive number, we derive β(A) = 0.
Taking A equal to the algebra whose vector space is K2, whose product is identically zero, and
whose norm is any norm on K2, A becomes a two-dimensional noncommutative Jordan normed
algebra A such that β(A) = 0.
Now we are going to show that all numbers in [1,+∞[ are of the form β(A) for a suitable normed
two-dimensional noncommutative Jordan algebra A. Let E be the two-dimensional associative normed
algebra over K with basis {u, v}, multiplication table given by u2 = u, uv = v , and vu = v2 = 0,
and norm deﬁned by ‖λu + μv‖ := |λ| + |μ|. Now, let μ be in [1,+∞[, and note that E(μ) is a
noncommutative Jordan algebra. Since uv = μv in E(μ) , we have |||u|||μ for every ||| · ||| ∈ En(E(μ)).
Since u2 = u in E(μ) (i.e., the singleton {u} is a multiplicatively closed subset of E(μ)), it follows
that k  μ whenever k is any positive number such that E(μ) satisﬁes the norm-k boundedness
property, and hence that β(E(μ))μ. In this way we have shown that the mapping f : μ → β(E(μ)),
from [1,+∞[ to [0,+∞], takes its values into [1,+∞], and is unbounded. On the other hand, we
have f (1) = 1 because E(1) = E and E is associative. By keeping in mind Proposition 4.6, it follows
f ([1,+∞[) = [1,+∞[. Therefore, given 1  λ < +∞, there exists 1  μ < +∞ such that f (μ) = λ,
and hence we are provided with a normed two-dimensional noncommutative Jordan algebra A := E(μ)
such that β(A) = λ.
Now let A stand for the two-dimensional anti-commutative normed algebra with basis {u, v},
multiplication table given by u2 = v2 = 0, and uv = −vu = v , and norm deﬁned by ‖λu + μv‖ :=
|λ| + |μ|. Then, for every ||| · ||| ∈ En(A), we have |||v||| = |||uv||| |||u||||||v|||, and hence 1 |||u|||. Assume
that there exists k > 0 such that A satisﬁes the norm-k boundedness property. Then, since {2ku,0}
becomes a multiplicatively closed subset of A, there is ||| · ||| ∈ En(A) such that |||2ku|||  k, which
implies |||u||| 12 , a contradiction. Therefore we have β(A) = +∞. 
Remark 4.8. Of course, the easiest choice of a normed algebra A over K such that β(A) = 0 (re-
spectively, β(A) = 1) is A = K endowed with the zero product (respectively, A = K endowed with
the usual product). Since, up to an isomorphism, there are no one-dimensional algebras over K oth-
ers than the two ones in the above sentence, it follows that, for λ ∈ ]1,+∞], the two-dimensional
algebra A given by Theorem 4.7 such that β(A) = λ is of the smallest possible dimension. Such an
algebra A cannot be associative because associative normed algebras have the NBP.
Proposition 4.9. Let A be a normed algebra. Then the following conditions are equivalent:
(1) A satisﬁes the multiplicative boundedness property.
(2) There exists a nonnegative real number k such that, for every bounded subset S of A, we have
inf
{
M
(
S, ||| · |||): ||| · ||| ∈ En(A)} kr(S).
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to β(A).
Proof. (1) ⇒ (2). Let S be any bounded subset of A, and let ε > 0. Keeping in mind that r( Sr(S)+ε ) < 1,
we can apply Lemma 3.3 and the assumption (1) to ﬁnd ||| · ||| ∈ En(A) such that
M
(
S, ||| · |||) (β(A) + ε)(r(S) + ε).
Consequently, inf{M(S, ||| · |||): ||| · ||| ∈ En(A)}  (β(A) + ε)(r(S) + ε). Since ε is an arbitrary positive
number, we deduce
inf
{
M
(
S, ||| · |||): ||| · ||| ∈ En(A)} β(A)r(S).
This shows that condition (2) holds with k := β(A), and hence that the minimum possible k is less
than or equal to β(A).
(2) ⇒ (1). Noticing that the inequality r(S)  1 is true for every bounded and multiplicatively
closed subset S of A, the assumption (2) gives almost straightforwardly that (1) holds, and that β(A)
is less than or equal to the minimum possible k in condition (2). 
By putting together Proposition 4.9 and the inequality (3.1), we derive the following.
Corollary 4.10. Let A be a normed algebra. Then the following assertions are equivalent:
(1) A satisﬁes the ANBP.
(2) For every bounded subset S of A, we have
r(S) = inf{M(S, ||| · |||): ||| · ||| ∈ En(A)}.
Since associative normed algebras satisfy the NBP, we can apply Corollary 4.10 above to get the
main result in [21], namely the following.
Corollary 4.11. Let A be an associative normed algebra, and let S be any bounded subset of A. Then
r(S) = inf{M(S, ||| · |||): ||| · ||| ∈ En(A)}.
In fact, most part of the proof given in [21] for the above corollary consists of the veriﬁcation that
associative normed algebras enjoy the NBP (see [21, Lemma]).
For any normed space X , we denote by BL(X) the associative normed algebra of all bounded linear
operators on X . We note that each equivalent norm ||| · ||| on X gives rise to an equivalent algebra
norm on BL(X) (namely, the operator norm on BL(X) corresponding to ||| · |||), which will be denoted
also by ||| · |||.
4.12. Let A be an algebra. For a in A, we denote by La = LAa (respectively, Ra = RAa ) the operator of left
(respectively, right) multiplication by a on A, and, given a subset S of A, we put LS = LAS := {La: a ∈ S}
and RS = RAS := {Ra: a ∈ S}. It is clear that, if A is in fact a normed algebra, then both LA and RA are
contained in BL(A).
Corollary 4.13. Let A be a normed algebra satisfying the multiplicative boundedness property, and let S be a
bounded subset of A. Then we have
r(LS ∪ RS) β(A)r(S) (4.3)
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r(LS R S) β(A)r(S)2. (4.4)
Proof. Let ||| · ||| be any equivalent algebra norm on A. By the inequality (3.1), we have
r(LS ∪ RS) M
(
LS ∪ RS , ||| · |||
)
(respectively, r(LS RS ) M(LS RS , ||| · |||)). On the other hand, the inequality
M
(
LS ∪ RS , ||| · |||
)
 M
(
S, ||| · |||)
(respectively, M(LS RS , ||| · |||) M(S, ||| · |||)2) is clear. Therefore we derive
r(LS ∪ RS) M
(
S, ||| · |||)
(respectively, r(LS RS ) M(S, ||| · |||)2). Now, the assumption that A satisﬁes the multiplicative bound-
edness property allows us to apply Proposition 4.9 to obtain (4.3) (respectively, (4.4)). 
Corollary 4.14. Let A be an associative normed algebra, and let S be a bounded subset of A. Then we have
r(LS) = r(RS) = r(LS ∪ RS) = r(S)
and r(LS RS ) = r(S)2 .
Proof. Since A is associative, we have β(A) 1, and hence, by Corollary 4.13, we get r(LS ∪ RS ) r(S)
and r(LS RS ) r(S)2. Now, since the inequalities r(LS) r(LS ∪ RS ) and r(RS ) r(LS ∪ RS ) are clear,
it only remains to show that r(S)  r(LS), r(S)  r(RS ), and r(S)2  r(LS RS ). Let n be in N, and let
x1, . . . , xn+1 be in S . Then we have
x1 . . . xn+1 = Lx1 . . . Lxn (xn+1).
From the arbitrarity of x1, . . . , xn+1 in S , we deduce
Mn+1(S) Mn(LS)M(S),
and, passing to n-th roots and taking sup-limit as n → ∞, we get r(S) r(LS ). The inequality r(S)
r(RS ) is veriﬁed in an analogous way. Let n be in N, and let x1, . . . , x2n+1 be in S . Then we have
x1 . . . x2n+1 = Mx1,x2n+1Mx2,x2n . . .Mxn,xn+2(xn+1),
where, for a,b ∈ A, Ma,b := LaRb . From the arbitrarity of x1, . . . , x2n+1 in S , we deduce
M2n+1(S) Mn(LS R S)M(S).
Passing to n-th roots, and applying Lemma 3.2, we can take limit as n → ∞ to get r(S)2 
r(LS RS ). 
Proposition 4.15. Let E be a normed algebra satisfying the multiplicative boundedness property, let F be a
subalgebra of E, and let ε > 0. Then there exists an equivalent algebra norm ||| · ||| on E such that ||| · ||| 
[β(E)r(BF ) + ε]‖ · ‖ on F .
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(r(BF )+η)‖ · ‖ on F . Put δ := ε2(r(BF )+η) . Since B(F ,|·|) is a bounded and multiplicatively closed subset
of E , and E satisﬁes the multiplicative boundedness property, there exists ||| · ||| ∈ En(E) such that
||| · ||| (β(E) + δ)| · | on F . It follows that ||| · ||| (β(E) + δ)(r(BF ) + η)‖ · ‖ on F . But, by the choice
of η and δ, we have
(
β(E) + δ)(r(BF ) + η)= β(E)r(BF ) + ηβ(E) + δ(r(BF ) + η)
 β(E)r(BF ) + ε
2
+ δ(r(BF ) + η)= β(E)r(BF ) + ε. 
Given normed spaces X and Y over K, a norm ‖ · ‖c on X ⊗ Y is said to be a cross norm if the
equality
‖x⊗ y‖c = ‖x‖‖y‖
holds for every (x, y) ∈ X × Y .
Proposition 4.16. Let E and F be normed algebras overK. Assume that there exists a bounded and multiplica-
tively closed subset H of E such that {0} 
= H ⊆ ρ|co|(HH), for some ρ > 0, and that (E ⊗ F ,‖ · ‖c) satisﬁes
the multiplicative boundedness property, for some cross algebra norm ‖ · ‖c on E ⊗ F . Then F satisﬁes the
multiplicative boundedness property. More precisely, we have β(F ) ρβ(E ⊗ F ,‖ · ‖c).
Proof. Put E ⊗c F := (E ⊗ F ,‖ · ‖c). It is enough to show that, if E ⊗c F satisﬁes the norm-k bounded-
ness property for some k > 0, then F satisﬁes the norm-(ρk) boundedness property. Let k > 0 be such
that E ⊗c F satisﬁes the norm-k boundedness property, and let S be any bounded and multiplicatively
closed subset of F . Then, since H ⊗ S is a bounded and multiplicatively closed subset of E ⊗c F , there
exists ||| · ||| ∈ En(E ⊗c F ) such that M(H ⊗ S, ||| · |||) k. Now, deﬁne a (vector space) norm | · | on F by
|y| := ρ sup{|||x⊗ y|||: x ∈ H},
and note that, by the assumption H ⊆ ρ|co|(HH), we have
|y| ρ2 sup{|||x⊗ y|||: x ∈ HH} (4.5)
for every y ∈ F . The fact that ||| · ||| and ‖ · ‖c are equivalent norms on E ⊗ F , and the cross property
of ‖ · ‖c , imply that | · | is equivalent to the given norm on F . On the other hand, the inequality
M(H ⊗ S, ||| · |||) k implies that M(S, | · |) ρk. Therefore, to conclude the proof, it is enough to show
that | · | is an algebra norm on F . Let x1, x2 be in H , and let y1, y2 be in F . Then we have
ρ2
∣∣∣∣∣∣(x1x2) ⊗ (y1 y2)∣∣∣∣∣∣= ρ2∣∣∣∣∣∣(x1 ⊗ y1)(x2 ⊗ y2)∣∣∣∣∣∣
 ρ2|||x1 ⊗ y1||||||x2 ⊗ y2||| |y1||y2|.
By the arbitrarity of x1, x2 in H , we derive
ρ2 sup
{∣∣∣∣∣∣x⊗ (y1 y2)∣∣∣∣∣∣: x ∈ HH} |y1||y2|.
Finally, invoking the inequality (4.5), we conclude |y1 y2| |y1||y2|. 
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the assumption on E in Proposition 4.16 is fulﬁlled with H = {e} and ρ = 1. Now, recall that an
approximate unit for E is a net {eλ} in E such that lim{eλx} = lim{xeλ} = x for every x ∈ E . It is
worth mentioning that, if E has an approximate unit bounded by δ > 0, then the assumption on E in
Proposition 4.16 is fulﬁlled with H = BE and ρ = δ.
Let A be a normed algebra and let L be a Hausdorff locally compact topological space. Then the
space C0(L, A) (of all A-valued continuous functions on L vanishing at inﬁnity) becomes a normed
algebra under the operations deﬁned point-wise, and the sup-norm.
Corollary 4.18. Let L be a Hausdorff locally compact topological space, and let A be a normed algebra over K.
Then β(A) β(C0(L, A)).
Proof. It is well-known that the injective tensor product C0(L,K) ⊗ A can be seen isometrically
as a subalgebra of C0(L, A), which implies β(C0(L,K) ⊗ A)  β(C0(L, A)). On the other hand, it is
also well-known that C0(L,K) has an approximate unit bounded by one. Now the result follows by
applying Remark 4.17 and Proposition 4.16. 
5. Topologically nilpotent algebras
Let A be a normed algebra, and let S be a bounded subset of A. We say that S is quasi-nilpotent
if r(S) = 0. Clearly, nilpotent bounded subsets of A are quasi-nilpotent. The normed algebra A is said
to be topologically nilpotent if its closed unit ball is quasi-nilpotent. A ﬁrst easy characterization of
topological nilpotency is given by the following.
Proposition 5.1. Let A be a normed algebra. Then the following conditions are equivalent:
(1) A is topologically nilpotent.
(2) All bounded subsets of A are quasi-nilpotent.
(3) All bounded countable subsets of A are quasi-nilpotent.
Proof. (1) ⇒ (2). Since each bounded subset of A is contained in a positive multiple of B A .
(2) ⇒ (3). This is clear.
(3) ⇒ (1). By Proposition 3.11. 
A straightforward consequence of the above characterization is the following.
Corollary 5.2. Topological nilpotency is preserved by passing to algebra equivalent renormings.
Invoking Propositions 3.8 and 3.10, and Example 3.9, we obtain the following.
Proposition 5.3. Let E and F be normed algebras. We have:
(1) If E or F is topologically nilpotent, then so is E ⊗π F .
(2) If F is associative, and if E ⊗π F is topologically nilpotent, then E or F is topologically nilpotent.
(3) If F is a subalgebra of E, and if E ⊗π F is topologically nilpotent, then F is topologically nilpotent.
(4) E is topologically nilpotent if and only if so is E ⊗π E.
(5) There are choices of E and F such that E ⊗π F is topologically nilpotent, but both E and F are not topo-
logically nilpotent.
Assertion (1) in the above proposition extends a result in [12] to the nonassociative setting.
Theorem 5.4. Let A be normed algebra. Then the following assertions are equivalent:
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(2) For every ε > 0, there exists an equivalent algebra norm ||| · ||| on A such that ||| · ||| ε‖ · ‖.
(3) β(A) = 0.
Proof. (1) ⇒ (2). By Corollary 3.5.
(2) ⇒ (3). Noticing that the assumption (2) implies that A satisﬁes (a very strong form of) the
norm-k boundedness property for every positive number k, the desired conclusion (3) follows.
(3) ⇒ (1). Let ε > 0. Then, by the assumption (3), A satisﬁes the norm-ε boundedness property,
and hence, since BA is a bounded and multiplicatively closed subset of A, there exists ||| · ||| ∈ En(A)
such that BA ⊆ εB(A,|||·|||) . This implies r(BA) ε. Now, let ε → 0. 
The following straightforward consequence of Theorem 5.4 merits to be emphasized.
Corollary 5.5. Topologically nilpotent normed algebras satisfy the NBP.
As a consequence, nilpotent normed algebras satisfy the NBP, a fact already known [13].
Corollary 5.6. Let A be a normed algebra over K. Then we have:
(1) For λ in K \ { 12 }, A is topologically nilpotent if and only if so is A(λ) .
(2) If A is topologically nilpotent, then so is A(
1
2 ) .
(3) There are choices of A such that A(
1
2 ) is topologically nilpotent, but A is not topologically nilpotent.
Proof. Assertion (1) follows straightforwardly from Lemma 4.5 and the equivalence (1) ⇔ (3) in The-
orem 5.4.
Let S be any subset of A, and let n be in N. An easy induction argument shows that every word
of degree n on S , when S is regarded as a subset of A(
1
2 ) , becomes a convex combination of words
of degree n on S , when S is regarded as a subset of A. Therefore, if S is bounded, then we get
MA
( 12 )
n (S)  MAn (S), which, in view of the arbitrarity of n, implies r A
( 12 )
(S)  r A(S). When the last
inequality applies with S := BA , assertion (2) follows.
To prove (3), take A equal to the two-dimensional anti-commutative normed algebra in the last
paragraph of the proof of Theorem 4.7. We know that β(A) = +∞, so that, by Theorem 5.4, A is not
topologically nilpotent. However, since A is anti-commutative, A(
1
2 ) is nilpotent of index 2. 
Given an associative algebra A, a subset S of A, and a natural number n, the words on S of
degree n, when S is considered as a subset of A, will be called (monic) associative monomials on S
of degree n, whereas the words on S of degree n, when S is considered as a subset of A(
1
2 ) , will be
called (monic) Jordan monomials on S of degree n.
Lemma 5.7. Let A be an associative algebra, let S be a multiplicatively closed subset of A, and let n be in N.
Then every associative monomial on S of degree 2n − 1 can be written as a sum of 3n−1 terms, each of which
is the product of ±1 by a Jordan monomial on S of degree n.
Proof. The assertion in the lemma is obviously true in the case that n = 1. Assume inductively that
the assertion in the lemma is true for a given n ∈N. Let w be an associative monomial on S of degree
2n + 1, say w = x1 . . . x2n+1 with x1, . . . , x2n+1 ∈ S . Then, denoting by ◦ the product of A( 12 ) , applying
the magic (and, on the other hand, obvious) formula
x1 . . . x2n+1 = x1 ◦ (x2 . . . x2n+1) − x2 ◦ (x3 . . . x2n+1x1) + (x1x2) ◦ (x3 . . . x2n+1),
144 A. Moreno Galindo, Á. Rodríguez Palacios / Journal of Algebra 368 (2012) 126–168and keeping in mind that S is multiplicatively closed in A, we deduce that
w = y1 ◦ z1 − y2 ◦ z2 + y3 ◦ z3,
where y1 := x1, y2 := x2, y3 := x1x2 are elements of S , and
z1 := (x2x3)x4 . . . x2n+1, z2 := x3 . . . x2n(x2n+1x1), z3 := x3 . . . x2n+1
are associative monomials on S of degree 2n − 1. By the induction hypothesis, z1 (and analogously
z2 and z3) can be written as a sum of 3n−1 terms, each of which is the product of ±1 by a Jordan
monomial on S of degree n. Therefore w can be written as a sum of 3n terms, each of which is the
product of ±1 by a Jordan monomial on S of degree n + 1. In this way, we have proved that the
assertion in the lemma is true with n+ 1 instead of the given n. 
Theorem 5.8. Let A be an associative normed algebra, and let S be a bounded and multiplicatively closed
subset of A. Then S is quasi-nilpotent in A if and only if it is quasi-nilpotent in A(
1
2 ) .
Proof. The “only if” part follows from the inequality r A
( 12 )
(S) r A(S), which we showed in the proof
of Lemma 5.6, even without the assumptions that A is associative and that S is multiplicatively closed.
Let n be in N. Then, by Lemma 5.7, we have MA2n−1(S) 3n−1MA
( 12 )
n (S). Passing to n-th roots, keeping
in mind that r A(S) = limn→∞[MAn (S)]
1
n (by Lemma 3.2), and taking sup-limit as n → ∞, we derive
[r A(S)]2  3r A(
1
2 )
(S). Now, the “if” part follows from the last inequality. 
By taking S := BA in the above theorem, we get the following.
Corollary 5.9. Let A be an associative normed algebra. Then A is topologically nilpotent if and only if so is the
Jordan normed algebra A(
1
2 ) .
Theorem 5.10. Let A be a normed algebra, and put
R(A) := {r(B(A,|||·|||)): ||| · ||| ∈ En(A)}.
Then either R(A) = {0} or ]0,1[ ⊆ R(A) ⊆ ]0,1], depending on whether or not A is topologically nilpotent.
Proof. It is clear that R(A) = 0 if and only if A is topologically nilpotent. Now observe that
]0,1]r ⊆ R(A) whenever r is in R(A). Indeed, if r is equal to r(B(A,|||·|||)) for some ||| · ||| ∈ En(A),
and if 0 < ε  1, then 1ε ||| · ||| lies in En(A) and εr = r(B(A, 1ε |||·|||)) ∈ R(A). It follows from this obser-
vation that, to conclude the proof, it is enough to show that, if A is not topologically nilpotent, then
ρ := sup{r(B(A,|||·|||)): ||| · ||| ∈ En(A)} = 1. Let ε > 0. By Corollary 3.5, there exists an algebra norm ||| · |||
on A satisfying 1k ‖ · ‖ ||| · ||| (r(BA) + ε)‖ · ‖ for some positive number k. Now, let n be in N. For
any product (say a) of n elements of B A (say a1, . . . ,an), no matter how associated, we have
‖a‖ k|||a||| kPn|||a1||| · · · |||an||| kPn
(
r(BA) + ε
)n
,
where Pn := Mn(B(A,|||·|||), ||| · |||). If follows that Mn  kPn(r(BA)+ε)n , where Mn := Mn(BA). By passing
to n-th roots, and taking sup-limit as n → ∞, we derive that r(B A) r(B(A,|||·|||))(r(BA)+ε), and hence
that r(BA) ρ(r(BA)+ ε). By letting ε → 0, we obtain r(BA) ρ r(BA). Now, if A is not topologically
nilpotent, then the above implies ρ  1. But the inequality ρ  1 is obvious. 
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artisanal proof is provided). Let A be a normed algebra. Of course, the situation R(A) = {0} occurs
if and only if A is topologically nilpotent. On the other hand, the situation R(A) = ]0,1] occurs
for example in the case that A has a unit 1 because then there exists ||| · ||| ∈ En(A) such that
|||1||| = 1 [13, Corollary 2.4]. The problem if R(A) = ]0,1] whenever A is not topologically nilpotent
[7, page 275] seems to remain open to date, even when A is associative, complex, and complete. By
looking at the proof of Theorem 5.10, we realize that R(A) = ]0,1] whenever A is not topologically
nilpotent, and there exists ||| · ||| ∈ En(A) such that ||| · ||| r(BA)‖ · ‖.
Proposition 5.12. Let E and F be normed algebras over K, and assume that there exists a bounded and
multiplicatively closed subset H of E such that {0} 
= H ⊆ ρ|co|(HH), for some ρ > 0. We have:
(1) If (E ⊗ F ,‖ · ‖c) is topologically nilpotent, for some cross algebra norm ‖ · ‖c on E ⊗ F , then F is topolog-
ically nilpotent.
(2) F is topologically nilpotent if and only if so is E ⊗π F .
Proof. Assertion (1) follows from Proposition 4.16 and the equivalence (1) ⇔ (3) in Theorem 5.4,
whereas assertion (2) follows from assertion (1) and Proposition 5.3(1). 
Corollary 5.13. Let A be a topologically nilpotent normed algebra overK. Then for every nonzero bounded and
multiplicatively closed subset H of A, and every ρ > 0, we have H  ρ|co|(HH).
Proof. By the assumption on A, A ⊗π K is topologically nilpotent. Therefore, if the conclusion in
our present corollary were false, then, by Proposition 5.12, K would be topologically nilpotent, a
contradiction. 
Corollary 5.14. Let L be a Hausdorff locally compact topological space, and let A be a normed algebra over K.
Then A is topologically nilpotent if and only if so is C0(L, A).
Proof. Let x1, . . . , xn be in BC0(L,A) , let f be in Wn , and let t be in L. Then x1(t), . . . , xn(t) lie in BA ,
and hence we have ∥∥ f (x1, . . . , xn)(t)∥∥= ∥∥ f (x1(t), . . . , xn(t))∥∥ Mn(BA).
From the arbitrarity of t in L we deduce∥∥ f (x1, . . . , xn)∥∥ Mn(BA),
and them from the arbitrarity of x1, . . . , xn in BC0(L,A) and f in Wn we derive
Mn(BC0(L,A)) Mn(BA).
By passing to n-th rots and taking sup-limit as n → ∞, we get
r(BC0(L,A))) r(BA).
Therefore, if A is topologically nilpotent, then so is C0(L, A).
Now, assume that C0(L, A) is topologically nilpotent. Then, by Corollary 4.18 and the equivalence
(1) ⇔ (3) in Theorem 5.4, A is topologically nilpotent. 
The following lemma follows straightforwardly from Proposition 4.9.
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nilpotent subset of A, and let ε > 0. Then there exists an equivalent algebra norm ||| · ||| on A such that
M
(
S, ||| · |||) ε.
Let A be an algebra. A subalgebra B of A is called a full subalgebra of A if, whenever b is in B ,
a is in A, and a + b − ab = b + a − ba = 0, we have a ∈ B . Since the intersection of full subalgebras
of A is another full subalgebra of A, it follows that, for any nonempty subset S of A, there is a
smallest full subalgebra of A which contains S . This subalgebra will be called the full subalgebra of A
generated by S . Assume that A is associative. Then, for x ∈ A there exists at most one y ∈ A such that
x+ y − xy = y + x− yx = 0. If such a y does exist, then we say that x is quasi-invertible in A, and y
is called the quasi-inverse of x. Thus full subalgebras of A are those subalgebras of A containing the
quasi-inverses of its elements which are quasi-invertible in A.
A normed algebra is said to be quasi-nil if all its elements are quasi-nilpotent.
Lemma 5.16. Let A be a normed algebra satisfying the multiplicative boundedness property, and let S be a
quasi-nilpotent subset of A. Then the full subalgebra of A generated by S is quasi-nil.
Proof. By Lemma 5.15, for each n ∈N there exists ‖ · ‖n ∈ En(A) such that M(S,‖ · ‖n) 1n . Now, con-
sider the set B of those elements x ∈ A such that limn→∞ ‖x‖n = 0. Clearly, B becomes a subalgebra
of A containing S . Moreover, if b is in B , if a is in A, and if b+ a− ba = a+ b− ab = 0, then we have
‖a‖n  ‖b‖n
1− ‖b‖n
for n big enough, which implies that a lies in B . Therefore B is a full subalgebra of A. On the other
hand, the inequality r(a)  ‖a‖n holds for all a ∈ A and n ∈ N, and implies r(b) = 0 whenever b is
in B (i.e., B is quasi-nil). It follows that the full subalgebra of A generated by S is quasi-nil. 
Proposition 5.17. Let A be a normed algebra satisfying the multiplicative boundedness property, and let S be
a quasi-nilpotent subset of A. Then the full subalgebra of BL(A) generated by LS ∪ RS is quasi-nil.
Proof. Keeping in mind Lemma 5.16 and the fact that associative normed algebras fulﬁl the NBP,
it is enough to show that LS ∪ RS is a quasi-nilpotent subset of BL(A). But this follows from the
assumptions that A satisﬁes the multiplicative boundedness property and that S is quasi-nilpotent,
by applying Corollary 4.13. 
Given an algebra E and a subalgebra F of E , we denote by LEF (respectively, R
E
F ) the set of all left
(respectively, right) multiplication operators on E by elements of F (cf. 4.12).
Corollary 5.18. Let E be a normed algebra satisfying the multiplicative boundedness property, and let F be a
topologically nilpotent subalgebra of E. Then the full subalgebra of BL(E) generated by LEF ∪ REF is quasi-nil.
Proof. Clearly, the full subalgebra of BL(E) generated by LEF ∪ REF coincides with the full subalgebra
of BL(E) generated by LEBF ∪ REBF . Now, since BF is quasi-nilpotent (because F is assumed to be
topologically nilpotent) and E is assumed to fulﬁl the multiplicative boundedness property, the result
follows by applying Proposition 5.17 with (E, BF ) instead (A, S). 
Invoking Corollary 5.5, we derive the following.
Corollary 5.19. Let A be a topologically nilpotent normed algebra. Then the full subalgebra of BL(A) generated
by LA ∪ RA is quasi-nil.
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For every vector space X , we denote by L(X) the associative algebra of all linear operators on X .
Now, let A be an algebra, and let S be a subset of A. Following [35, page 67], we denote by MA(S)
the subalgebra of L(A) generated by LS ∪ RS . It follows from Proposition 5.17 that, if A is a normed
algebra satisfying the multiplicative boundedness property, and if S is a quasi-nilpotent subset of A,
then MA(S) is quasi-nil. In what follows, we are going to realize that the result just formulated can
be largely improved. Indeed, we are obtaining in Theorem 6.2 below a strong conclusion under a
weaker assumption. To this end we take from [31] (see also [14,26]) the notion of a ﬁnitely quasi-
nilpotent subset of a normed algebra. Namely, a set S in a normed algebra is said to be ﬁnitely
quasi-nilpotent if all its ﬁnite subsets are quasi-nilpotent. Clearly, topologically nilpotent normed
algebras are ﬁnitely quasi-nilpotent, and ﬁnitely quasi-nilpotent normed algebras are quasi-nil. Even
in the associative setting, the following lemma reﬁnes [26, Corollary 2.10].
Lemma 6.1. Let A be a normed algebra, and let S be a ﬁnitely quasi-nilpotent subset of A. Then the subalgebra
of A generated by S is ﬁnitely quasi-nilpotent.
Proof. Let B stand for the subalgebra of A generated by S , and let T be any ﬁnite subset of B .
We must show that T is quasi-nilpotent. To this end, note that, without considering any assumption
on S , the ﬁniteness of T , the inclusion T ⊆ B , and the deﬁnition of B imply that T is contained in
the subalgebra of A (say C ) generated by a suitable ﬁnite subset (say R) of S . Now, since S is ﬁnitely
quasi-nilpotent, R is quasi-nilpotent. By Lemmas 3.3 and 3.7, |co|[MC(R)] is also quasi-nilpotent. Since
C =⋃t>0 t|co|[MC(R)], and T is a ﬁnite subset of C , we conclude that T is quasi-nilpotent. 
Theorem 6.2. Let A be a normed algebra satisfying the multiplicative boundedness property, and let S be a
ﬁnitely quasi-nilpotent subset of A. ThenMA(S) is ﬁnitely quasi-nilpotent.
Proof. Keeping in mind Lemma 6.1, it is enough to show that LS ∪ RS is a ﬁnitely quasi-nilpotent
subset of BL(A). But this follows from the assumptions that A satisﬁes the multiplicative boundedness
property and that S is ﬁnitely quasi-nilpotent, by applying Corollary 4.13. 
For any algebra A, put M(A) :=MA(A), which is nothing other than the classical multiplication
algebra of A. It follows from Corollary 5.19 that, if A is a topologically nilpotent normed algebra, then
M(A) is quasi-nil. A better result, which follows straightforwardly from the above theorem, is the
following.
Corollary 6.3. Let A be a ﬁnitely quasi-nilpotent normed algebra satisfying the multiplicative boundedness
property. ThenM(A) is ﬁnitely quasi-nilpotent.
Remark 6.4. For a normed algebra A consider the following conditions:
(1) A is topologically nilpotent.
(2) A is ﬁnitely quasi-nilpotent and satisﬁes the multiplicative boundedness property.
Then (1) ⇒ (2). Indeed, that topological nilpotency implies ﬁnite quasi-nilpotency is clear, whereas
that topological nilpotency implies the multiplicative boundedness property follows from Corol-
lary 5.5. Actually (2) is strictly weaker than (1). For, it is known that associative commutative normed
algebras are ﬁnitely quasi-nilpotent if (and only if) they are quasi-nil [31] (see also [14]). Therefore
it is enough to think about any radical commutative associative complete normed algebra, which is
not topologically nilpotent (the existence of which is well-known [12, Example 2.5] or [8, page 47]),
to be provided with a normed algebra A satisfying (2) but not (1). Concerning condition (2), we will
see later that ﬁnite quasi-nilpotency does not imply the multiplicative boundedness property (see
Corollary 9.9).
148 A. Moreno Galindo, Á. Rodríguez Palacios / Journal of Algebra 368 (2012) 126–168Let A be an associative algebra. Then M(A) contains three distinguished subalgebras, namely LA ,
RA , and the algebra E(A) of the so-called “elementary operators” on A (i.e., the operators of the
form
a →
n∑
i=1
biaci
for suitable n-tuples (b1, . . . ,bn) and (c1, . . . , cn) of elements of A) [5]. It is easily realized that
M(A) = LA + RA + E(A).
Corollary 6.5. Let A be an associative normed algebra. Then the following conditions are equivalent:
(1) A is ﬁnitely quasi-nilpotent.
(2) LA is ﬁnitely quasi-nilpotent.
(3) RA is ﬁnitely quasi-nilpotent.
(4) E(A) is ﬁnitely quasi-nilpotent.
(5) M(A) is ﬁnitely quasi-nilpotent.
Proof. Since associative normed algebras satisfy the NBP, the implication (1) ⇒ (5) follows from
Corollary 6.3. On the other hand, the implications (5) ⇒ (2), (5) ⇒ (3), and (5) ⇒ (4) are clear.
(2) ⇒ (1) (respectively, (3) ⇒ (1) or (4) ⇒ (1)). Let S be any ﬁnite subset of A. Then LS (re-
spectively, RS or LS RS ) is a ﬁnite subset of LA (respectively, RA or E(A)). It follows from the
assumption (2) (respectively, (3) or (4)) and Corollary 4.14 that S is quasi-nilpotent. 
In relation to the above corollary, the following problem seems to remain open.
Problem 6.6. Is every radical complex associative Banach algebra ﬁnitely quasi-nilpotent?
Of course, the above problem has interest only in the noncommutative case (compare Remark 6.4).
If Problem 6.6 had an aﬃrmative answer, then, as a consequence of Corollary 6.5, we would be pro-
vided also with an aﬃrmative answer to the following.
Problem 6.7. Let A be a radical complex associative Banach algebra. Is M(A) a quasi-nil algebra?
The following lemma is folklore. A proof, based on results in [10] of a pure algebraic nature, can
be seen in [13]. For the sake of completeness, we include here a “standard” proof.
Lemma 6.8. Let A be an associative normed algebra, and let a be a quasi-nilpotent algebraic element of A.
Then a is nilpotent.
Proof. By passing to completion, complexiﬁcation, and unitization, if necessary, we may suppose that
A is a complex associative Banach algebra with as unit 1. Then the assumption that a is quasi-
nilpotent implies that a − λ1 is invertible in A whenever λ is any nonzero complex number. By
invoking the assumption that a is algebraic, the above implies that zero is the unique root of the
minimum polynomial for a, i.e., a is nilpotent. 
Corollary 6.9. Let A be a normed algebra satisfying the multiplicative boundedness property, and let S be a
ﬁnitely quasi-nilpotent subset of A such thatMA(S) is algebraic of bounded degree. ThenMA(S) is nilpotent.
Proof. Since A is assumed to fulﬁl the multiplicative boundedness property, and S is assumed to be
ﬁnitely quasi-nilpotent, Theorem 6.2 applies, giving as a consequence that MA(S) is quasi-nil. Since
we also assume that MA(S) is algebraic, it follows from Lemma 6.8 that MA(S) is a nil algebra. Now,
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of bounded index. By the Nagata–Higman theorem (see for example [35, Corollary 6.1]), MA(S) is
nilpotent. 
Corollary 6.10. Let A be a normed algebra. Then the following conditions are equivalent:
(1) A is nilpotent.
(2) A is topologically nilpotent, andM(A) is algebraic of bounded degree.
(3) A is ﬁnitely quasi-nilpotent and has the multiplicative boundedness property, and M(A) is algebraic of
bounded degree.
Proof. (1) ⇒ (2). Keeping in mind the “only if” part of [23, Theorem 2.4], the assumption (1) implies
that M(A) is nilpotent. But this largely implies that M(A) is algebraic of bounded degree.
(2) ⇒ (3). By Remark 6.4.
(3) ⇒ (1). The assumption (3) allows us to apply Corollary 6.9 to obtain that M(A) is nilpotent.
Finally, by the “if” part of [23, Theorem 2.4], A is nilpotent. 
Let A be a ﬁnite-dimensional algebra over K. We know that there are always algebra norms on A,
and that all these norms are equivalent. Therefore we will not emphasize that A is normed when
we are discussing about properties (like the topologically nilpotency, the multiplicative boundedness
property, or the quasi-nilpotency of a given subset) which are only of algebraic and topological kind.
This convention will be applied without notice in what follows.
The following theorem becomes a large nonassociative generalization of Lemma 6.8.
Theorem 6.11. Let A be a ﬁnite-dimensional algebra over K. Then ﬁnitely quasi-nilpotent subsets of A are
nilpotent.
Proof. Let S be a ﬁnitely quasi-nilpotent subset of A. Let E stand for the subalgebra of A generated
by S , and let B be a basis of E . The ﬁnite dimensionality of A implies that B is a ﬁnite subset of E ,
and hence, by Lemma 6.1, that B is quasi-nilpotent. By Lemmas 3.3 and 3.7, |co|(MC(B)) is a quasi-
nilpotent bounded subset of E . On the other hand, |co|(MC(B)) is absorbent in E , which, keeping
in mind that E is ﬁnite-dimensional, implies that |co|(MC(B)) is a neighbourhood of zero in E . It
follows that E is topologically nilpotent. By keeping in mind again that E is ﬁnite-dimensional, and
applying the implication (2) ⇒ (1) in Corollary 6.10, we derive that E is nilpotent, and hence that S
is nilpotent. 
Let A be a normed algebra, and let n be a natural number. Following [26, Deﬁnition 21], we
say that A is n-quasi-nilpotent if all subsets of A with cardinality  n are quasi-nilpotent. It is
shown in [31] that for each n ∈ N there exists an n-quasi-nilpotent normed associative complex
algebra which is not (n + 1)-quasi-nilpotent. Of course, these algebras are not complete (compare
Problem 6.6).
After Theorem 6.11, we realize that, in the setting of ﬁnite-dimensional algebras, all notions related
to that of quasi-nilpotent bounded subsets, become in fact purely algebraic notions. In particular we
have the following.
Corollary 6.12. Let A be a ﬁnite-dimensional algebra over K. Then the following conditions are equivalent:
(1) A is nilpotent.
(2) A is topologically nilpotent.
(3) A is ﬁnitely quasi-nilpotent.
(4) A is n-quasi-nilpotent, where n := dim(A).
(5) A is m-quasi-nilpotent, where m stands for the minimum natural number such that A is generated (as an
algebra) by a subset of cardinality m.
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When the ﬁnite-dimensional algebra A is reasonably “nearly associative”, Corollary 6.12 can be still
reﬁned. To this end, let us give the appropriate deﬁnitions. Alternative algebras are deﬁned as those
algebras satisfying the “left alternative law” a2b = a(ab) and the “right alternative law” ba2 = (ba)a.
By Artin’s theorem [23, Theorem 3.1], an algebra A is alternative (if and) only if, for all a,b ∈ A,
the subalgebra of A generated by {a,b} is associative. Generalized standard algebras are deﬁned by
a suitable ﬁnite set of identities [24], and, roughly speaking, they compose the minimum class of
algebras containing all alternative algebras and all Jordan algebras. We note that generalized standard
algebras are noncommutative Jordan algebras [24, Theorem 2], and hence they are power-associative.
Proposition 6.13. Let A be a ﬁnite-dimensional generalized standard algebra overK. Then assertions (1) to (5)
in Corollary 6.12 are equivalent to the following:
(6) A is quasi-nil.
Proof. Assume that A is quasi-nil. Since A is ﬁnite-dimensional and power-associative, we derive
from Lemma 6.8 that A is a nil algebra. Since ﬁnite-dimensional generalized standard nil algebras are
nilpotent [24, Theorem 4], we conclude that A is nilpotent. 
We do not know whether or not Proposition 6.13 remains true if the assumption that A is gener-
alized standard is replaced with the one that A satisﬁes the multiplicative boundedness property.
Remark 6.14. Proposition 6.13 does not remain true if the assumption that A is generalized standard is
relaxed to the one that A is noncommutative Jordan. Indeed, the two-dimensional anti-commutative
algebra A in the last paragraph of the proof of Theorem 4.7 is a non-nilpotent nil-algebra. Much lees
trivial is the fact that Proposition 6.13 does not remain true if the assumption that A is generalized
standard is replaced with the one that A is power-associative and commutative. This is so because
of the famous Suttles’ example [29] (see also [16, page 344]) of a ﬁve-dimensional power-associative
commutative nil-algebra which is not nilpotent. We note that Suttles’ algebra is generated by two
elements.
Dealing with ﬁnite-dimensional algebras, the following straightforward consequence of Corol-
lary 6.9 has its own interest.
Corollary 6.15. Let A be a ﬁnite-dimensional algebra over K satisfying the multiplicative boundedness prop-
erty. ThenMA(S) is nilpotent whenever S is any nilpotent subset of A.
We conclude the present section with the following.
Proposition 6.16. Let E and F be normed algebras overK, and assume that E is ﬁnitely quasi-nilpotent. Then
E ⊗π F is ﬁnitely quasi-nilpotent.
Proof. Let {z1, . . . , zn} be any ﬁnite subset of E ⊗π F . We must show that {z1, . . . , zn} is quasi-
nilpotent. To this end, we may assume that M({z1, . . . , zn},‖ · ‖π ) < 1. Then, for each i = 1, . . . ,n,
there are xi1, . . . , xini ∈ BE , yi1, . . . , yini ∈ BF , and αi1, . . . ,αini ∈ [0,1] such that
∑ni
j=1 αi j = 1 and
zi = ∑nij=1 αi j xi j ⊗ yij . Now put S := ⋃ni=1{xi1, . . . , xini }. Since S is a ﬁnite subset of E , and E is
assumed to be ﬁnitely quasi-nilpotent, S is quasi-nilpotent, and this implies that S ⊗ BF is a quasi-
nilpotent subset of E ⊗π F (indeed, inequality (3.4) in the proof of Proposition 3.8 remains true
when (BE , BF ) is replaced with any couple of bounded subsets of E and F , respectively). Finally,
since {z1, . . . , zn} ⊆ co(S ⊗ BF ), Lemma 3.7 applies giving us that {z1, . . . , zn} is quasi-nilpotent, as
desired. 
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We begin this section with the following.
Remark 7.1. In the previous sections we have obtained several results involving the projective tensor
product E ⊗π F of two given normed algebras E and F (see Propositions 3.8, 3.10, and 5.3, and
Example 3.9). It is worth mentioning that those results remain true when E ⊗π F is replaced with
the complete projective tensor product E ⊗̂π F . Indeed, BE⊗π F is dense in BE⊗̂π F , and hence, by
Lemma 3.7, r(BE⊗π F ) = r(BE⊗̂π F ). As a consequence, E ⊗π F is topologically nilpotent if and only if
so is E ⊗̂π F .
Now, we are going to prove a theorem in the line of [26, Proposition 2.12].
Theorem 7.2. Let A be a complete normed algebra. Then A is topologically nilpotent if (and only if ) it is
generated as an algebra by some of its quasi-nilpotent bounded subsets.
Proof. Assume that there exists a quasi-nilpotent bounded subset S of A which generates A as an
algebra. Keeping in mind Lemmas 3.3 and 3.7, the quasi-nilpotency of S implies that |co|(MC(S)) is
a bounded quasi-nilpotent subset of A. On the other hand, the fact that A is generated by S implies
that |co|(MC(S)) is absorbent in A. It follows that |co|(MC(S)) is a quasi-nilpotent “barrel” in A. Here
by a barrel we mean an absorbent, closed, and absolutely convex subset. Since barrels in a Banach
space are neighbourhoods of zero, we conclude that A is topologically nilpotent, as desired. 
Remark 7.3. Let A be a normed algebra, and let S be a subset of A. Following [26], we put
Abs(S) :=
⋃
t>0
t|co|(MC(S)),
and note that Abs(S) is a subalgebra of A, which contains the subalgebra of A generated by S , and
is contained in the closed subalgebra of A generated by S . By looking at the above proof, we realize
that Theorem 7.2 remains true if the condition that A is generated as an algebra by some of its
quasi-nilpotent bounded subsets is replaced with the weaker (but less natural) one that there exists a
quasi-nilpotent bounded subset S of A such that Abs(S) = A. As a consequence, if A is complete, if S is
quasi-nilpotent, and if Abs(S) is closed in A, then Abs(S) is topologically nilpotent. In the associative case,
this result becomes Proposition 2.12 of [26].
From now on, it is convenient to recall that the (Jacobson) radical of an associative algebra can
be characterized as the largest ideal all elements of which are quasi-invertible, so that an associative
algebra is a radical algebra if and only if all its elements are quasi-invertible.
Lemma 7.4. Let A be an associative complete normed algebra, let S be a quasi-nilpotent subset of A. Then the
full subalgebra of A generated by S is a radical algebra.
Proof. Let C stand for the full subalgebra of A generated by S . Since associative normed algebras
satisfy the NBP, we can apply Lemma 5.16 to get that every element of C is quasi-nilpotent. Then, by
[3, Theorem I.3.7], every element of C has a quasi-inverse in A. Finally, since C is a full subalgebra
of A, every element of C has a quasi-inverse in C , i.e., C is a radical algebra, as desired. 
Let A be an algebra, let B be a full subalgebra of A, and let S be any subset of B . Keeping in mind
that “to be a full subalgebra of” is a transitive relation, and that B remains full in any subalgebra
of A containing B , it is easily realized that the full subalgebra of A generated by S is equal to the full
subalgebra of B generated by S .
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generated by LS ∪ RS . Now notice that, if X is a Banach space, then, by the Banach isomorphism
theorem, BL(X) becomes a full subalgebra of L(X). It follows that, if A is a complete normed algebra,
and if S is any subset of A, then FMA(S) is contained in BL(A). More precisely, by the paragraph
immediately above, FMA(S) is equal to the full subalgebra of BL(A) generated by LS ∪ RS .
Theorem 7.5. Let A be a complete normed algebra satisfying the multiplicative boundedness property, and let
S be a quasi-nilpotent subset of A. Then FMA(S) is a radical algebra.
Proof. Keeping in mind Lemma 7.4 and the comments immediately above, it is enough to show that
LS ∪ RS is a quasi-nilpotent subset of BL(A). But this follows from the assumptions that A satisﬁes
the multiplicative boundedness property and that S is quasi-nilpotent, by applying Corollary 4.13. 
By applying the above theorem with (E, BF ) instead of (A, S), we derive the following.
Corollary 7.6. Let E be a complete normed algebra satisfying the multiplicative boundedness property, and let
F be a topologically nilpotent subalgebra of E. Then FME(F ) is a radical algebra.
For any algebra A, we put FM(A) :=FMA(A), which is nothing other than the full multiplica-
tion algebra of A as deﬁned in [17]. Invoking Corollaries 5.5 and 7.6, we derive the following.
Corollary 7.7. Let A be a topologically nilpotent complete normed algebra. Then FM(A) is a radical algebra.
Remark 7.8. (a) Let A be any algebra over K. The full multiplication algebra of A is introduced in [17]
as an intermediate notion to deﬁne the so-called weak radical of A (denoted by w-Rad(A)), and to
prove that, if w-Rad(A) = 0, then A has at most one complete algebra norm topology. The weak
radical of A is actually deﬁned as the largest FM(A)-invariant subspace of A contained in the
subspace {
a ∈ A: {La, Ra} ⊆ Rad
(FM(A))},
where Rad(·) means Jacobson radical. It is easily realized that FM(A) is a radical algebra if and only
if A = w-Rad(A). Therefore, Corollary 7.7 can be reformulated by saying that, if A is a topologically
nilpotent complete normed algebra, then A is equal to its weak radical. It is worth mentioning that the weak
radical is “very small” (see [17, Proposition 2.3]), so that topologically nilpotent complete normed
algebras are equal to their “radicals” for most familiar radicals.
(b) Now, let A be an associative algebra over K. Then we have w-Rad(A) ⊆ Rad(A). The above
inclusion becomes an equality if in addition A is commutative [18, Proposition 4.1] but, in general, it
can be a strict inclusion. Indeed, since simple algebras have zero weak radical [17, Proposition 2.5],
the celebrated Sasiada’s construction [22] of an associative simple radical algebra provides us with
a ﬁrst example where the inclusion above is strict. A second example is given by the construction
in [9] of a non-semiprime associative algebra with zero weak radical. However, as a matter of fact,
the question if the equality w-Rad(A) = Rad(A) holds whenever the associative algebra A is complete
normed and complex remains open to date. It is easy to realize that an eventual counterexample to
Problem 6.7 would be also a counterexample to the question just raised. By part (a) of the present
remark, the complex radical associative Banach algebra obtained in this way could not be topologically
nilpotent.
The following straightforward corollary to Theorem 7.5 has its own interest. Indeed, it shows that
the multiplicative boundedness property has relevant consequences of a purely algebraic nature.
Corollary 7.9. Let A be a complete normed algebra satisfying the multiplicative boundedness property. Then
FMA(S) is a radical algebra whenever S is any nilpotent subset of A.
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algebras are nilpotent, we realize that Corollary 7.9 contains Corollary 6.15.
Given an algebra A, we denote by A2 the linear hull of the set{
ab: (a,b) ∈ A × A}.
Theorem 7.10. Let E be a nonzero complete normed algebra over K such that E2 = E, and let F be a normed
algebra over K. We have:
(1) If (E ⊗ F ,‖ · ‖c) satisﬁes the multiplicative boundedness property, for some cross algebra norm ‖ · ‖c on
E ⊗ F , then F satisﬁes the multiplicative boundedness property.
(2) If (E ⊗ F ,‖ · ‖c) is topologically nilpotent, for some cross algebra norm ‖ · ‖c on E ⊗ F , then F is topolog-
ically nilpotent.
(3) F is topologically nilpotent if and only if so is E ⊗π F .
Proof. The assumption E2 = E implies that |co|(BE BE) is a barrel in E . Since E is complete, there
exists ρ > 0 such that BE ⊆ ρ|co|(BE BE ). Now apply Propositions 4.16 and 5.12 with H := BE . 
Corollary 7.11. Let A be a nonzero topologically nilpotent complete normed algebra over K. Then A2 
= A.
Proof. Argue as in the proof of Corollary 5.13, with Theorem 7.10 instead of Proposition 5.12. 
Corollary 7.11 is known in the case that the topologically nilpotent complete normed algebra A is
associative [6, Theorem 4.1] (see also [15, Theorem 4.8.9]). In fact, for such an algebra A, it is proved
that AX 
= X whenever X is any nontrivial left Banach A-module.
Theorem 7.12. Let A be a normed complex algebra, and let S be a bounded, complete, and absolutely convex
subset of A. Then there exists a sequence {(sn, fn)}, with sn ∈ S and fn ∈Wn, such that
limsup
n→∞
∥∥ fn(s1, . . . , sn)∥∥ 1n = r(S).
Proof. It is enough to show that the inequality
limsup
n→∞
∥∥ fn(s1, . . . , sn)∥∥ 1n  r(S) (7.1)
holds for some sequence {(sn, fn)}, with sn ∈ S and fn ∈Wn . In its turn, since (7.1) holds whenever
r(S) = 0, we may assume that r(S) > 0.
We consider the topological space X := SN , which turns out to be completely metrizable (because
S is complete) under the distance d given by
d
(
(si), (ti)
)= 1
M
∞∑
i=1
1
2i+1
‖si − ti‖,
where M := max{M(S),1}. For each δ ∈ ]0,1[ and k ∈N, let Xk,δ stand for the set of those sequences
(si) ∈ X such that there exists n k such that
max
{∥∥ f (s1, . . . , sn)∥∥ 1n : f ∈Wn}> (1− δ)r(S).
It is easily realized that Xk,δ is an open subset of X .
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isfying
∥∥ fn(s1, . . . , sn)∥∥ 1n > (1− 1
k
)
r(S),
which implies that limsupn→∞ ‖ fn(s1, . . . , sn)‖ 1n  r(S), and hence that the sequence {(sn, fn)} satis-
ﬁes the requirements in the conclusion of the theorem. Therefore, our desired conclusion will follow
from the statement
⋂∞
k=2 Xk, 1k 
= ∅, which, in its turn, follows from Baire’s Category Theorem if we
show that each of the sets Xk,δ is dense in X .
Now, since X = ⋃0ρ<1(ρ S)N (because S is absolutely convex), it suﬃces to show that, if
0  ρ < 1, x = (xi) ∈ (ρ S)N , k ∈ N, δ ∈ ]0,1[, and 0 < ε < 1 − ρ , then there exists y ∈ Xk,δ with
d(x, y) < ε. Choose m ∈ N such that 12m  ε2 , and then keep in mind the deﬁnition of r(S) to ﬁnd
n ∈ N satisfying: n  max{m,k}, n
√
εm
2 >
√
1− δ and n√Mn(S) >
√
1− δ r(S). Keeping in mind the
deﬁnition of Mn(S), the last inequality implies the existence of u1, . . . ,un ∈ S and fn ∈ Fn with
‖ fn(u1, . . . ,un)‖ (1− δ) n2 r(S)n . Let εr = e 2π irm ε (1 r m) and ε0 = 0. Set
zr := fn
(
(x1 + εru1), . . . , (xm + εrum),um+1, . . . ,un
)
.
Then, keeping in mind that
∑m
r=1 ε
q
r = 0 for q = 1, . . . ,m − 1, and
∑m
r=1 εmr = mεm , we obtain∑m
r=1(zr − z0) =mεm fn(u1, . . . ,un), and hence
2mmax
{‖z0‖,‖z1‖, . . . ,‖zm‖}
∥∥∥∥∥
m∑
r=1
(zr − z0)
∥∥∥∥∥
=mεm∥∥ fn(u1, . . . ,un)∥∥mεm(1− δ) n2 r(S)n,
so that there exists p ∈ {0,1, . . . ,m} such that
‖zp‖ ε
m
2
(1− δ) n2 r(S)n.
For i ∈N, set
yi =
{ xi + εpui (1 i m),
ui (m < i  n),
xi (i > n).
Note that, if 1  i m, then xi + εpui ∈ S because xi ∈ ρ S , ui ∈ S , |ρ| + |εp|  ρ + ε  1, and S is
absolutely convex. Therefore y := (yi) lies in X . On the other hand, we have
d(x, y) = d((xi), (yi))= 1
M
m∑
i=1
1
2i+1
‖xi − yi‖ + 1
M
∞∑
i=m+1
1
2i+1
‖xi − yi‖
 1
M
m∑
i=1
1
2i+1
ε + 1
M
∞∑
i=m+1
1
2i+1
2M <
1
M
ε
2
+ 1
2m
 ε.
Finally,
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{∥∥ f (y1, . . . , yn)∥∥ 1n : f ∈Wn} ∥∥ fn(y1, . . . , yn)∥∥ 1n
= ‖zp‖ 1n  n
√
εm
2
(1− δ) 12 r(S) > (1− δ)r(S),
that is, y lies in Xk,δ . 
As an immediate consequence of the above theorem, we obtain the following.
Corollary 7.13. Let A be a normed associative complex algebra, and let S be a bounded, complete, and abso-
lutely convex subset of A. Then there exists a sequence {sn} in S, such that
limsup
n→∞
‖s1 . . . sn‖ 1n = r(S).
Remark 7.14. As a consequence of Corollary 7.13, we derive that if A is a complete normed associa-
tive complex algebra, then there exists a sequence {xn} in B A , such that limsupn→∞ ‖x1 . . . xn‖ 1n = r(BA)
[7, Theorem 3]. In fact, most clever ideas in our proof of Theorem 7.12 are taken almost verbatim
from the Dixon–Müller paper [7] just referred to. The main handicap we had to overcome to prove
Theorem 7.12 has been that, in absence of associativity, the conclusion in Lemma 3.2 need not remain
true. Indeed, let A be the two-dimensional normed algebra over K with basis {u, v}, multiplication
table given by u2 = v2 = v and uv = vu = 0, and norm deﬁned by
‖λu + μv‖ :=
√
|λ|2 + |μ|2.
Put S := BKu. Then S is a bounded, complete, and absolutely convex subset of A. However, it is easily
realized that, for n ∈ N, we have M2n(S) = 1 and M2n+1(S) = 0. Therefore, the sequence {Mn(S) 1n }
has no limit, and moreover
r(S) = 1 
= 0= inf{[Mn(S)] 1n : n ∈N}.
The main consequence of Theorem 7.12 is the following.
Corollary 7.15. Let A be a complete normed complex algebra. Then the following statements are equivalent:
(1) A is topologically nilpotent.
(2) For any sequence {(an, fn)}, with an ∈ BA and fn ∈Wn, we have
lim
n→∞
∥∥ fn(a1, . . . ,an)∥∥ 1n = 0.
By putting together Lemma 3.7 and Theorem 7.12 we derive the following.
Corollary 7.16. Let A be a complete normed complex algebra, and let S be a bounded subset of A. Then there
exists a sequence {(sn, fn)}, with sn ∈ |co|(S) and fn ∈Wn, such that
limsup
n→∞
∥∥ fn(s1, . . . , sn)∥∥ 1n = r(S).
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Lie algebras are deﬁned as those anti-commutative algebras, with product usually denoted by [·,·],
which satisfy the “Jacobi identity”[[a,b], c]+ [[b, c],a]+ [[c,a],b]= 0.
Any associative algebra A gives rise to a Lie algebra by replacing the associative product by the com-
mutator product
[a,b] := ab − ba.
Following [23, page 3], such a Lie algebra will be denoted by A− . If the associative algebra A is in
addition a normed algebra, then A− will be seen without notice as a normed Lie algebra under the
norm 2‖ · ‖.
Lemma 8.1. Let A be an associative normed algebra, and let S be a bounded subset of A. Then we have
rA
−
(S) 2r A(S).
Proof. Arguing by induction on the degree of words on S relative to A− , it is easy to realize that every
Lie word on S of degree n ∈ N can be written as a sum of 2n−1 terms, each of which is the product
of ±1 by an associative word on S of degree n. As a consequence, we have MA−n (S)  2nMAn (S) for
every n ∈N, which implies r A− (S) 2r A(S), as required. 
Let A be any algebra. Following [23, page 19], the Lie multiplication algebra of A (denoted by
L(A)) is deﬁned as the subalgebra of L(A)− generated by LA ∪ RA . We note that L(A) is a subalgebra
of M(A)− , so that, when A is normed, L(A) becomes a Lie normed algebra in a natural way.
Proposition 8.2. Let A be a ﬁnitely quasi-nilpotent normed algebra satisfying the multiplicative boundedness
property. Then the normed Lie algebra L(A) is ﬁnitely quasi-nilpotent.
Proof. By Corollary 6.3, M(A) is ﬁnitely quasi-nilpotent as an associative normed algebra. Then, by
Lemma 8.1, the normed Lie algebra M(A)− is ﬁnitely quasi-nilpotent. But, as pointed out above L(A)
is a subalgebra of M(A)− . 
Let A be a Lie algebra. Following the usual terminology in the theory of Lie algebras, for a ∈ A,
we denote by ada (instead of La) the operator of left multiplication by a on A. We note that Jacobi’s
identity can be read as that the mapping a → ada is an algebra homomorphism from A to L(A)− . As
a consequence, ad A is a subalgebra of L(A)− , and hence L(A) = ad A. Clearly, when the Lie algebra
A is normed, the algebra homomorphism a → ada is continuous. Since continuous algebra homomor-
phisms between normed algebras are contractive relative to the spectral radius of bounded subsets,
we straightforwardly derive the following result, which shows that, when the algebra A in Proposi-
tion 8.2 is in addition a Lie algebra, the requirement that A fulﬁls the multiplicative boundedness
property can be dispensed.
Proposition 8.3. Let A be a ﬁnitely quasi-nilpotent normed Lie algebra. Then the normed Lie algebra ad A is
ﬁnitely quasi-nilpotent.
Following [11], we say that a normed Lie algebra A is ad-quasi-nilpotent if, for every a ∈ A, ada is
a quasi-nilpotent operator. We have preferred for this notion the term “ad-quasi-nilpotent Lie algebra”
instead of that of “Engel Lie algebra” adopted in [26, page 426] because, in a purely algebraic setting,
the term “Engel Lie algebra” has a different meaning (see for example [34]).
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(1) If A satisﬁes the multiplicative boundedness property, then A is ad-quasi-nilpotent.
(2) If A is ad-quasi-nilpotent, then so is the normed Lie algebra ad A.
Proof. Let a be in A. Since A is anti-commutative, we have a2 = 0, and hence r(a) = 0. Therefore, if
A satisﬁes the multiplicative boundedness property, then, by Corollary 4.13, we have that ada is a
quasi-nilpotent operator. This proves (1).
Let a be in A. Then, since LBL(A)ada and R
BL(A)
ada are commuting operators on BL(A), we have
r
(
LBL(A)ada − RBL(A)ada
)
 r
(
LBL(A)ada
)+ r(RBL(A)ada )= 2r(ada), (8.1)
where the equality in the above chain follows from Corollary 4.14. Here, and in the remaining part
of the present proof, the spectral radius of elements is computed in the natural associative normed
algebra containing each of them. Now note that, for every element x in an associative algebra E , we
have
adE
−
x = LEx − REx .
It follows from (8.1) that
r
(
adBL(A)
−
(ada)
)
 2r(ada). (8.2)
Note also that, if X is a normed space, if T is a bounded linear operator on X , and if Y is a T -invariant
subspace of X , then r(T Y ) r(T ), where T Y stands for the operator y → T (y) from Y to Y . It follows
from (8.2) that
r
(
adad A(ada)
)
 2r(ada). (8.3)
Therefore, if A is ad-quasi-nilpotent, then we have r(adad A(ada)) = 0. This proves (2). 
Looking at the proof of [26, Corollary 11.5], we realize that, at least when the normed Lie algebra A
is complete and complex, assertion (2) in the above lemma is known by the authors of [26].
Let A be an algebra. We say that A is algebraic if, for very a ∈ A, the operators La and Ra are
algebraic. This notion of algebraicity does not coincide with that of A.A. Albert [1] that every element
of A generates a ﬁnite-dimensional subalgebra. Indeed, Albert’s notion of algebraicity trivializes in the
class of anti-commutative algebras, as is indeed useless in that class.
Theorem 8.5. Let A be a complete normed algebraic Lie algebra. Then the following assertions are equivalent:
(1) A is topologically nilpotent.
(2) A satisﬁes the NBP.
(3) A satisﬁes the ANBP.
(4) A satisﬁes the multiplicative boundedness property.
(5) A is ad-quasi-nilpotent.
(6) A is nilpotent.
Proof. (1) ⇒ (2). By Corollary 5.5.
(2) ⇒ (3) ⇒ (4). These implications are clear.
(4) ⇒ (5). By Lemma 8.4(1).
(5) ⇒ (6). Let a be in A. Since ada is an algebraic operator, the assumption (5) and Lemma 6.8
imply that ada is nilpotent. Since a is an arbitrary element of A, we can invoke the Baire category
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such that (adb)n = 0 for every b ∈ A. Finally, by the celebrated theorem of E.I. Zel’manov [34] on the
so-called Engel Lie algebras, A is nilpotent.
(6) ⇒ (1). This is clear. 
The equivalence (2) ⇔ (6) in Theorem 8.5 is known in [13]. A straightforward consequence of
Theorem 8.5 is that, for a ﬁnite-dimensional Lie algebra A over K, assertions (1) to (6) in that theorem
are equivalent. For a slight reﬁnement of Theorem 8.5, see Remark 10.9 below.
Assertions (1) or (2) in Lemma 8.4 (for a normed Lie algebra A) are taken in [26] as a part of the
assumption in several interesting results. Therefore the conclusion in such results remains true when
this part of the assumption is replaced by the requirement that A has the multiplicative boundedness
property. As a sample, we combine Lemma 8.4 with [26, Corollary 12.5] to get the following.
Corollary 8.6. Let A be a complete normed complex Lie algebra satisfying the multiplicative boundedness
property, and such that dim(A) > 1. If there exists a nonzero compact derivation on A, then A has a nonzero
proper closed ideal.
Let S be any subset of a Lie algebra A. For n ∈ N, we deﬁne S[n] inductively by S[1] := S
and S[n+1] := [S, S[n]]. Now, assume that A is normed, and that S is bounded. Then, following
[26, pages 436–437], we deﬁne the Lie spectral radius rLie(S) of S by
rLie(S) := limsup
n→∞
[
M
(
S[n]
)] 1
n .
Noticing that the equality S[n+1] = ad(S)◦ n· · · ◦ad(S)(S) holds for every n ∈ N, and that Lie algebras
are anti-commutative, we could have dispensed the assumption that A is a Lie algebra by deﬁning
rLie(S) by means of the equality
rLie(S) := limsup
n→∞
[
M
(
(LS ∪ RS)◦ n· · · ◦(LS ∪ RS)(S)
)] 1
n .
Even in this more general situation, we have the following proposition, whose proof is left to the
reader.
Proposition 8.7. Let A be a normed algebra, and let S be a bounded subset of A. Then we have:
(1) rLie(S) r(S), and the inequality becomes an equality when A is associative.
(2) rLie(S) r(LS ∪ RS ), and the inequality becomes an equality when S = B A .
To be short in our discussion, and since we are mainly interested in bounded subsets whose Lie
spectral radius is equal to zero, inequalities of the form “0 < anything” will be called extremely strict.
The inequality rLie(S) r(S) in Proposition 8.7 can be extremely strict. Indeed, in the two-dimensional
normed algebra over K with basis {u, v} and multiplication table given by u2 = v2 = v and uv =
vu = 0 (which was already invoked in Remark 7.14), we have L2u(u) = Lu Ru(u) = RuLu(u) = R2u(u) = 0,
and hence rLie(u) = 0, whereas we already knew that r(u) = 1. The inequality rLie(S) r(LS ∪ RS ) can
be also extremely strict, even if A is a Lie algebra. Actually this happens in every non-ad-quasi-
nilpotent normed Lie algebra A, by taking S := {a} for a suitable element a ∈ A. A consequence of
the second assertion in Proposition 8.7(1) is that both the Lie spectral radius and our spectral radius
(introduced in Deﬁnition 3.1) become generalizations of the Rota–Strang spectral radius.
Let A be a normed algebra, and let S be a subset of A. We say that S is Lie-quasi-nilpotent if it
is bounded and rLie(S) = 0. We say that S is boundedly (respectively, ﬁnitely) Lie-quasi-nilpotent if
all bounded (respectively, ﬁnite) subsets of S are Lie-quasi-nilpotent.
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(1) A is ﬁnitely Lie-quasi-nilpotent.
(2) A is boundedly Lie-quasi-nilpotent.
(3) A is nilpotent.
Proof. (1) ⇒ (2). Take a basis B of A. By the assumption (1), and the ﬁnite dimensionality of A, we
have rLie(B) = 0, and hence, arguing as in the proof of Lemma 3.7, also rLie(|co|(B)) = 0. Since, again
by the ﬁnite dimensionality of A, |co|(B) is a neighbourhood of zero in A, condition (2) holds.
(2) ⇒ (3). Assume that (2) holds. Then, by the second assertion in Proposition 8.7(2), we have
r(LBA ∪ RBA ) = 0, i.e., LBA ∪ RBA is a quasi-nilpotent subset of M(A). Therefore, by Theorem 6.11,
LBA ∪ RBA (and hence M(A)) is nilpotent. By the “if” part of [23, Theorem 2.4], A is nilpotent.
(3) ⇒ (1). This is clear. 
The next theorem becomes a “Lie” version of Theorem 6.11.
Theorem 8.9. Let A be a ﬁnite-dimensional Lie algebra over K. Then ﬁnitely Lie-quasi-nilpotent subsets of A
are nilpotent.
Proof. Let S be a ﬁnitely Lie-quasi-nilpotent subset of A, and let E stand for the subalgebra of A
generated by S . By [26, Proposition 13.6], E is ﬁnitely Lie-quasi-nilpotent. By the implication (1) ⇒ (3)
in Proposition 8.8, E (and hence S) is nilpotent. 
Given a natural number n, we say that a subset S of a normed algebra is n-Lie-quasi-nilpotent if
all subsets of S with cardinality  n are Lie-quasi-nilpotent. Now we can prove the following variant
of Theorem 8.5.
Theorem 8.10. Let A be a complete normed algebraic Lie algebra. Then the following conditions are equivalent:
(1) A is boundedly Lie-quasi-nilpotent.
(2) A is ﬁnitely Lie-quasi-nilpotent.
(3) A is 2-Lie-quasi-nilpotent.
(4) A is ﬁnitely quasi-nilpotent.
(5) A is 2-quasi-nilpotent.
(6) A is nilpotent.
Proof. The implications (6) ⇒ (4) ⇒ (5) ⇒ (3) and (6) ⇒ (1) ⇒ (2) ⇒ (3) are clear at this time.
Therefore, to conclude the proof it is enough to show that (3) ⇒ (6). By [4, Theorem A], A is algebraic
“of bounded degree” (in the sense of [4, Deﬁnition 2]). Then, by [33, Theorem 2], subalgebras of A
generated by ﬁnite subsets of A are ﬁnite-dimensional. Now, assume that A satisﬁes (3). It follows
from Theorem 8.9 that {a,b} is a nilpotent subset of A whenever a and b are in A. As a consequence,
A is “weakly Engel” in the sense of [4, Deﬁnition 1′]. By [4, Corollary B] and the main result in [34],
A is nilpotent, i.e., (6) holds. 
Despite the above theorem, we feel that, even in the case of normed Lie algebras, the Lie spectral
radius becomes a rather untractable notion. With the aim of amending this feeling, we have tried to
prove the existence of a universal constant C satisfying r(S) CrLie(S) for every bounded subset S of
any normed Lie algebra. However, we have had no success in this goal, nor even in that of proving
that boundedly Lie-quasi-nilpotent normed Lie algebras are topologically nilpotent. We conclude the
present section with a by-product of our effort in relation to the questions just suggested.
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S[p], S[q]
]⊆ 2min{p,q}−1|co|(S[p+q]).
Proof. It is enough to show that [
S[p], S[q]
]⊆ 2p−1|co|(S[p+q]). (8.4)
To this end, we argue by induction on p. The case p = 1 is obvious. Assume inductively that the
inclusion (8.4) holds for every q and some ﬁxed p. Then, by the Jacobi identity, we have
[
S[p+1], S[q]
]= [[S, S[p]], S[q]]⊆ [S, [S[p], S[q]]]− [S[p], [S, S[q]]]
= [S, [S[p], S[q]]]− [S[p], S[q+1]]⊆ [S,2p−1|co|(S[p+q])]− 2p−1|co|(S[p+q+1])
⊆ 2p |co|(S
[p+q+1]) − |co|(S[p+q+1])
2
⊆ 2p|co|(S[p+q+1]).
Therefore the inclusion (8.4) holds for every q and p + 1 instead of p. 
Keeping in mind the above lemma, an easy induction on the degree of words shows the following.
Corollary 8.12. Let A be a Lie algebra over K, let S be a subset of A, let n be in N, and let Wn stand for the set
of all words on S of degree n. Then we have
Wn ⊆ 2φ(n)|co|
(
S[n]
)
,
where φ :N→N∪ {0} is deﬁned inductively by φ(1) := 0 and
φ(n) :=max{φ(p) + φ(q) +min{p,q} − 1: p,q ∈N with p + q = n}
for n > 1.
With the notation in the above corollary, assume that A is normed, and that S is bounded. Then
we have [
Mn(S)
] 1
n  2
φ(n)
n
[
M
(
S[n]
)] 1
n . (8.5)
However, as a matter of fact, the sequence { φ(n)n } has no ﬁnite sup-limit because φ(2n)  2φ(n) +
n − 1. Anyway, we have the following.
Proposition 8.13. Let A be a normed Lie algebra, and let S be a bounded subset of A such that
[
M
(
S[n]
)] 1
n = o
(
1
2n
)
(8.6)
as n → ∞. Then S is quasi-nilpotent.
Proof. An easy induction argument shows that, for n ∈ N, we have that φ(n)  n2, and hence,
by (8.5), that [Mn(S)] 1n  2n[M(S[n])] 1n . On the other hand, our assumption (8.6) reads as that
limn→∞ 2n[M(S[n])] 1n = 0. It follows that r(S) = limn→∞[Mn(S)] 1n = 0. 
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Introduction.
9. Varieties of algebras
By an identity for K-algebras we mean a nonzero element of the free nonassociative algebra on a
countably inﬁnite set of indeterminates (say {xn: n ∈N}) over K. Given an identity f = f (x1, . . . ,xm)
and an algebra A over K, we say that A satisﬁes the identity f if, for all a1, . . . ,am ∈ A, we have
f (a1, . . . ,am) = 0. By a variety of K-algebras we mean the class of all algebras over K satisfying
all identities in a given set (which may be empty). An identity is said to be homogeneous if it is
the sum of nonassociative monomials which are of the same degree in each of the indeterminates.
We note that, since K is inﬁnite, every variety of K-algebras can be determined by a suitable set of
homogeneous identities [35, Corollary 1.2].
Lemma 9.1. LetM be a variety of K-algebras, and let E and F be algebras over K. We have:
(1) If E is associative and commutative, and if F is a member ofM, then E ⊗ F lies inM.
(2) If E is power-associative and non-nil, and if E ⊗ F is a member ofM (respectively, if E ⊗ F is nilpotent),
then F lies inM (respectively, F is nilpotent).
Proof. Assertion (1) follows from Corollary 1.2 of [35] just quoted and [35, Theorem 1.6].
Assume that E is power-associative and non-nil, and that E ⊗ F lies in M. Take a non-nilpotent
element u in E , and let f = f (x1, . . . ,xm) be any of the homogeneous identities determining the
variety M. Then, for all y1, . . . , ym ∈ F , we have
0= f (u ⊗ y1, . . . ,u ⊗ ym) = up ⊗ f (y1, . . . , ym),
where p stands for the degree of f . Since up 
= 0, we derive f (y1, . . . , ym) = 0, so F satisﬁes the
identity f , and so F is a member of M. This proves the bracket-free version of assertion (2). The
bracket version of (2) follows from the above by noticing that, for n  2 the class of all nilpotent
K-algebras of index  n is a variety. 
Theorem 9.2. LetM andN be varieties of K-algebras such that there is a normed non-nilpotent member in
M \N . Then there exists a non-nilpotent topologically nilpotent complete normed member inM \N .
Proof. Let E stand for the commutative and associative algebra of all continuous real- or complex-
valued functions on [0,1], with the sup-norm and convolution multiplication
( f ∗ g)(t) :=
t∫
0
f (s)g(t − s)ds. (9.1)
Then E becomes a topologically nilpotent non-nil Banach algebra (see [12, Example 2.3] or [8, Exam-
ple 2.2]). Now, let F be the normed non-nilpotent member of M \N whose existence is assumed.
Then E ⊗π F is topologically nilpotent because so is E , and Proposition 5.3(1) applies. On the other
hand, since E is associative, commutative, and non-nil, and F is a non-nilpotent member of M \N ,
we can apply the whole Lemma 9.1 to derive that E ⊗ F is a non-nilpotent member of M \N . It
follows from Remark 7.1 that the completion of E ⊗π F is a topologically nilpotent complete normed
non-nilpotent member of M \N . 
Theorem 9.3. LetM andN be varieties of K-algebras such that there is a normed member inM \N which
is not topologically nilpotent (respectively, which has not the multiplicative boundedness property). Then there
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which has not the multiplicative boundedness property).
Proof. Let E stand for the commutative and associative algebra of all summable real- or complex-
valued functions on [0,1], with the L1 norm and convolution multiplication formally deﬁned as
in (9.1). Then E becomes a quasi-nil non-nil Banach algebra having a bounded approximate unit
(see [12, Example 2.5] or [8, page 47]). Actually, the algebra E just introduced was already implicitly
invoked in Remark 6.4, where we realized that it is in fact ﬁnitely quasi-nilpotent. Now, let F be
the normed member of M \N which is not topologically nilpotent (respectively, which has not the
multiplicative boundedness property), and whose existence is assumed. Then E ⊗π F is ﬁnitely quasi-
nilpotent because so is E , and Proposition 6.16 applies. Moreover, since E is associative, commutative,
and non-nil, and F is a member of M \N , we can apply Lemma 9.1 to derive that E ⊗ F lies in
M \N . Finally, since E has a bounded approximate unit, and F is not topologically nilpotent (respec-
tively, has not the multiplicative boundedness property), we can apply Proposition 5.12 (respectively,
Proposition 4.16) and Remark 4.17 to get that E ⊗π F is not topologically nilpotent (respectively, has
not the multiplicative boundedness property). 
Keeping in mind that, for ﬁnite-dimensional algebras, nilpotency is equivalent to topological nilpo-
tency (by Corollary 6.12), and that the projective tensor product of a Banach space and a ﬁnite-
dimensional space is a Banach space, the above proof leads to the following.
Theorem 9.4. Let M and N be varieties of K-algebras such that there is a ﬁnite-dimensional member in
M \ N which is not nilpotent (respectively, which has not the multiplicative boundedness property). Then
there exists a ﬁnitely quasi-nilpotent complete normed member inM \N which is not topologically nilpotent
(respectively, which has not the multiplicative boundedness property).
Corollary 9.5. There are non-nilpotent topologically nilpotent complete normed algebras over K, as well as
non-topologically-nilpotent ﬁnitely quasi-nilpotent complete normed algebras over K, in each of the following
classes:
(i) The class of associative algebras which are not commutative.
(ii) The class of alternative algebras which are not associative.
(iii) The class of Jordan algebras which are not associative.
(iv) The class of Lie algebras.
(v) The class of commutative power-associative algebras which are not Jordan algebras.
Proof. Let M (respectively, N ) stand for the variety of associative, alternative, Jordan, Lie, or commu-
tative power-associative (respectively, commutative, associative, associative, zero, or Jordan) algebras
over K. Then it is well known that there are non-nilpotent ﬁnite-dimensional members in M \N .
Now apply Theorem 9.2, as well as the bracket-free version of Theorem 9.4. 
Actually, by looking at the proofs of Theorems 9.2 and 9.4, one can derive corollaries like the
following.
Corollary 9.6. There are non-nilpotent topologically nilpotent complete normed algebras over K, as well as
non-topologically-nilpotent ﬁnitely quasi-nilpotent complete normed algebras over K, in the class of standard
generalized algebras which are neither alternative nor Jordan.
Proof. Take ﬁnite-dimensional algebras C and D over K such that one of them is not nilpotent, C is
alternative but not Jordan, and D is Jordan but not alternative. Then F := C ⊕D is a ﬁnite-dimensional
non-nilpotent generalized standard algebra which is neither alternative nor Jordan. Now, let E stand
for the associative and commutative Banach algebra introduced in the proof of Theorem 9.2 (respec-
tively, Theorem 9.4). It follows that E ⊗π F becomes a non-nilpotent topologically nilpotent complete
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is not topologically nilpotent). 
The free nonassociative algebra on a countably inﬁnite set of indeterminates over K can be en-
dowed with an “absolute value” (i.e., a norm ‖ · ‖ such that ‖xy‖ = ‖x‖‖y‖ for all elements x, y
in the algebra) [19, pages 124–125]. By passing to the completion, we are then provided with an
example of a complete normed algebra over K, which has the multiplicative boundedness property
[13, Proposition 5.1], is not topologically nilpotent, and does not satisfy any identity. Now we can
complete the picture by proving the following.
Corollary 9.7. There are topologically nilpotent complete normed algebras over K, as well as ﬁnitely quasi-
nilpotent normed algebras over K without the multiplicative boundedness property, which do not satisfy any
identity.
Proof. In the whole proof, M stands for the variety of all algebras, f is any identity, N f stands for
the variety of algebras satisfying the identity f , and F denotes the free nonassociative algebra on a
countably inﬁnite set of indeterminates, endowed with an absolute value. We note that F is not a
member of N f .
In the present paragraph, let E := C([0,1]) stand for the associative and commutative Banach
algebra introduced in the proof of Theorem 9.2. By the proof of that theorem, E ⊗̂π F is a topologically
nilpotent complete normed algebra, and lies in M \N f . By the arbitrarity of f , E ⊗̂π F does not
satisfy any identity.
To conclude the proof, take any normed algebra C without the multiplicative boundedness prop-
erty, and put D := C ⊕∞ F , so that D has not the multiplicative boundedness property, and lies in
M \N f . Now, let E = L1([0,1]) stand for the associative and commutative Banach algebra introduced
in the proof of Theorem 9.3. By the proof of the bracket version of that theorem, E ⊗π D becomes a
ﬁnitely quasi-nilpotent normed algebra without the multiplicative boundedness property, and lies in
M \N f . By the arbitrarity of f , E ⊗π D does not satisfy any identity. 
If follows from Corollaries 5.5 and 9.7 that there are non-topologically-nilpotent ﬁnitely quasi-
nilpotent normed algebras over K, which do not satisfy any identity. However, we do not know any
answer to the following.
Problem 9.8. Is there a ﬁnitely quasi-nilpotent complete normed algebra over K which fails to enjoy
the multiplicative boundedness property (or at least fails to be topologically nilpotent), and does not
satisfy any identity?
To conclude the present section, we prove the following.
Corollary 9.9. There are ﬁnitely quasi-nilpotent complete normed algebras over K failing to enjoy the multi-
plicative boundedness property in each of the following classes:
(1) The class of Lie algebras.
(2) The class of noncommutative Jordan algebras which are not anti-commutative.
Proof. Let M (respectively, N ) stand for the variety of Lie or noncommutative Jordan (respectively,
zero or anti-commutative) algebras over K. Now note that the last paragraph of Theorem 4.7 shows
the existence of a two-dimensional Lie algebra A over K failing to enjoy the multiplicative bounded-
ness property. Consequently, the three-dimensional algebra A ⊕ K is noncommutative Jordan, is not
anti-commutative, and fails to enjoy the multiplicative boundedness property. It follows that, in any
case, there is a ﬁnite-dimensional member in M \N which has not the multiplicative boundedness
property, so that the bracket version of Theorem 9.4 applies. 
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10.1. For an associative complex Banach algebra A, consider the following conditions:
(1) A is topologically nilpotent.
(2) There is some ﬁnite constant C satisfying
sup
{∥∥an∥∥ 1n : a ∈ BA} Cn−3.2nn for all n ∈N.
(3) For every element a ∈ A, there is some ﬁnite constant C = C(a) satisfying ‖an‖ 1n  Cn −3.2nn for all
n ∈N.
Then conditions (2) and (3) are equivalent. Indeed, the implication (2) ⇒ (3) is clear, whereas the
converse implication depends on a Baire category argument (see the proof of [6, Theorem 2.1] for de-
tails). On the other hand, as a consequence of a quantitative version of the Nagata–Higman theorem
[6, Theorem 3.1], (2) implies (1) [6, Theorem 3.2]. However, contrarily to what asserted in [15, The-
orem 4.8.8], (1) does not imply (2). The following counterexample has been communicated to us by
V. Müller. Consider the associative complex Banach algebra A of those formal power series
∑∞
j=1 α j x j
(with one generator x and complex coeﬃcients α j) such that∥∥∥∥∥
∞∑
j=1
α j x
j
∥∥∥∥∥ :=
∞∑
j=1
|α j| 1
j j
< ∞.
Let n be in N. Then we have ‖x‖ = 1 and
∥∥xn∥∥ 1n = 1
n
, (10.1)
so that A does not satisfy condition (2) above. For j ∈N, set x j := j j x j . Then we have
‖x j1 . . . x jn‖
1
nn
(10.2)
for all j1, . . . , jn ∈N. Indeed, since for p,q ∈N the inequality
qq
(p + q)p+q 
1
(1+ p)1+p
holds, we have
‖x j1 . . . x jn‖ =
j j11 . . . j
jn
n
( j1 + · · · + jn) j1+···+ jn

j j11 . . . j
jn−1
n−1
(1+ j1 + · · · + jn−1)1+ j1+···+ jn−1 
j j11 . . . j
jn−2
n−2
(2+ j1 + · · · + jn−2)2+ j1+···+ jn−2

j j11 . . . j
jn−3
n−3
(3+ j1 + · · · + jn−3)3+ j1+···+ jn−3  · · ·
1
nn
,
as desired. Since BA = |co|({x j: j ∈ N}), and x = x1, we derive from (10.1) and (10.2) that
[Mn(BA)] 1n = 1n . By letting n → ∞, we realize that r(BA) = 0, i.e., A satisﬁes condition (1).
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that, if the Jordan algebra A(
1
2 ) is nilpotent of index n, then A is nilpotent of index  2n − 1. A better
result follows from Lemma 5.7. Indeed, if A(
1
2 ) is nilpotent of index n, then A is nilpotent of index 2n−1.
We do not know whether or not, for every n  2, there is a choice of A such that A is nilpotent of
index 2n − 1, and A( 12 ) is nilpotent of index n.
10.3. Let A be a normed algebra. It is easily seen that, if S is a bounded subset of A, and if Φ is a
continuous algebra homomorphism from A to another normed algebra, then we have r(Φ(S)) r(S).
In particular, if I is a closed (two-sided) ideal of A, then the inequality r(B A/I ) r(BA) holds (indeed,
take Φ : A → A/I equal to the natural quotient mapping, note that Φ(B A) contains the open unit ball
of A/I , and apply Lemma 3.7). Therefore, if A is topologically nilpotent, then so are both I and A/I for
every closed ideal I of A. It is proved by P.G. Dixon [6, Theorem 5.1] that, if A is associative, and if A/I is
topologically nilpotent, for some topologically nilpotent closed ideal I of A, then A is topologically nilpotent.
It is worth mentioning that the result just reviewed need not remain true if associativity is removed.
Indeed, take A equal to the two-dimensional anti-commutative algebra with basis {u, v}, and product
determined by u2 = v2 = 0 and uv = −vu = v . We know from the last paragraph of the proof of
Theorem 4.7 that β(A) = +∞, which implies, by Theorem 5.4, that A is not topologically nilpotent.
However, by putting I :=Kv , I becomes a closed ideal of A such that both I and A/I are nilpotent of
index 2. After this counterexample, it would be interesting to know if Dixon’s result reviewed above
remains true whenever the requirement that A is associative is relaxed to the one that A satisﬁes the
multiplicative boundedness property.
10.4. We deﬁne the annihilator of an algebra A by the equality
Ann(A) := {a ∈ A: aA = Aa = 0}.
Clearly, Ann(A) is an ideal of A, and, in the case that A is normed, Ann(A) is closed in A. Let A
be a normed algebra. We proved in [13] that A satisﬁes the NBP whenever so does A/Ann(A). Minor
changes to the proof of the result just quoted allow us to realize that, given a positive number k,
A satisﬁes the norm-k boundedness property whenever so does A/Ann(A). Indeed, denoting by π : A →
A/Ann(A) the natural surjection, for a,b ∈ A and x, y ∈ Ann(A), we have ab = (a + x)(b + y), and
hence ‖ab‖ ‖a + x‖‖b + y‖, which implies
‖ab‖ ∥∥π(a)∥∥∥∥π(b)∥∥. (10.3)
Now, let S be a bounded and multiplicatively closed subset of A. Then π(S) is a bounded and
multiplicatively closed subset of A/Ann(A), so that, if A/Ann(A) satisﬁes the norm-k boundedness
property, then there exists | · | ∈ En(A/Ann(A)) such that M(π(S), | · |)  k. Taking δ > 0 such that
δ‖ · ‖ | · | on A/Ann(A) and δ2‖ · ‖ k on S , putting
|||a||| :=max{δ2‖a‖, ∣∣π(a)∣∣}
for every a ∈ A, and keeping in mind (10.3), we easily realize that ||| · ||| ∈ En(A) and that
M(S, ||| · |||) k. Consequently, we have
β(A) β
(
A/Ann(A)
)
and, invoking Remark 10.3 and Theorem 5.4, we derive that A is topologically nilpotent if and only if so
is A/Ann(A).
10.5. Keeping in mind Theorem 4.7 and the implication (3) ⇒ (1) in Theorem 5.4, and arguing as
in the proof of Theorem 5.10, with Proposition 4.15 instead of Corollary 3.5, we obtain that, if E is a
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subalgebra of E, then β(E) 1 and]
0,
1
β(E)
[
⊆ RE(F ) := {r(B(F ,|||·|||)): ||| · ||| ∈ En(E)}.
As a consequence, if E is a normed algebra satisfying the ANBP, and if F is a subalgebra of E, then either
RE (F ) = {0} or ]0,1[ ⊆ RE (F ) ⊆ ]0,1], depending on whether or not F is topologically nilpotent. More in
particular, we have the following proposition, which generalizes [7, Theorem 5].
Proposition 10.6. Let E be an associative normed algebra, and let F be a subalgebra of E. Then either RE (F ) =
{0} or ]0,1[ ⊆ RE (F ) ⊆ ]0,1], depending on whether or not F is topologically nilpotent.
10.7. For a normed algebra A, consider the property Q which follows:
Q For every ε > 0 and every ﬁnite subset S of A, there exists ||| · ||| ∈ En(A) such that M(S, ||| · |||) ε.
Let A be a normed algebra. It follows from the inequality (3.1) that, if A satisﬁes property Q above, then
A is ﬁnitely quasi-nilpotent. On the other hand, by applying Lemma 5.15, we derive that, if A is ﬁnitely
quasi-nilpotent and fulﬁls the multiplicative boundedness property, then A satisﬁes property Q. Therefore,
when A is associative, A satisﬁes Q if and only if it is ﬁnitely quasi-nilpotent. By looking at the proof of
Theorem 6.2, we realize that, if A satisﬁes Q, then M(A) is ﬁnitely quasi-nilpotent, a fact that reﬁnes
Corollary 6.3. By analogous reasons, A is nilpotent if (and only if ) it fulﬁls Q, and M(A) is algebraic of
bounded degree, which improves Corollary 6.10.
In fact, we have payed attention to property Q because of the following variant of Proposition 6.16.
Proposition 10.8. Let E and F be normed algebras over K, and assume that E satisﬁes property Q in 10.7.
Then E ⊗π F fulﬁls propertyQ.
Proof. Let ε > 0, and let {z1, . . . , zn} be any ﬁnite subset of E ⊗π F . We may assume that
M({z1, . . . , zn},‖ · ‖π ) < 1. Then, for i = 1, . . . ,n, there are αi1, . . . ,αini ∈ [0,1], xi1, . . . , xini ∈ BE , and
yi1, . . . , yini ∈ BF such that
∑ni
j=1 αi j = 1 and zi =
∑ni
j=1 αi j xi j ⊗ yij . Now put S :=
⋃n
i=1{xi1, . . . , xini }.
Since S is a ﬁnite subset of E , and E satisﬁes Q, there is ||| · ||| ∈ En(E) such that M(S, ||| · |||) ε. Let
| · | be the projective tensor norm on E ⊗ F relative to the norms ||| · ||| on E and ‖ · ‖ on F . Then,
clearly, | · | ∈ En(E ⊗π F ) and M({z1, . . . , zn}, | · |) ε. 
10.9. Let T be a linear operator on a vector space X over K. The descent d(T ) of T is deﬁned by the
equality
d(T ) :=min{n ∈N∪ {0}: Tn(X) = Tn+1(X)},
with the convention that min∅ = ∞. If T is algebraic, then d(T ) is ﬁnite [10, Lemma 3.2], but the con-
verse is far from being true. Indeed, we have d(T ) = 0 precisely when T is surjective, and surjective
linear operators need not be algebraic. Anyway, we have the following fact.
10.9.1 If T is a quasi-nilpotent bounded linear operator on a Banach space X overK, and if d(T ) is ﬁnite, then
T d(T ) = 0.
This is proved in [30, Corollary V.10.6] in the case K = C, and remains true when K= R by an easy
argument of complexiﬁcation. By looking at the proof of Corollary 6.9, and applying there fact 10.9.1
above instead of Lemma 6.8, we realize that, if E is a complete normed algebra satisfying the multiplicative
boundedness property, and if F is a ﬁnitely quasi-nilpotent subalgebra of E such that there exists n ∈N in such
a way that d(T ) n for every T ∈ME(F ), thenME (F ) is nilpotent. As a consequence, a complete normed
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every T ∈M(A). In particular, if A is a non-nilpotent topologically nilpotent complete normed algebra, then
for each n ∈ N there exists T ∈M(A) such that d(T ) n. An analogous replacement of Lemma 6.8 with
fact 10.9.1 allows us to realize that Theorem 8.5 remains true if the environmental assumption that
the complete normed Lie algebra A is algebraic is relaxed to the one that d(ada) is ﬁnite for every
a ∈ A. As a consequence, if A is a non-nilpotent complete normed Lie algebra satisfying the multiplicative
boundedness property, then there exists a ∈ A such that d(ada) = ∞.
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